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Randomized Algorithms

Classic vs. Randomized

classic randomized
Input / Input /
Algorithm A Algorithm A < > Random Variable R

random bits, random numbers

Output A(/) Output A(/, R)
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Classic vs. Randomized

classic randomized
Input / Input /
Algorithm A Algorithm A - > RNGR

random bits, random numbers

Output A(/) Outputh(I, R)




Randomized Algorithms

Classic vs. Randomized

classic

Input . Algorithm . Output
I A A(I)
« A(/) is correct forall I

e The runtime is O(f(n)) for all 1
with [/]| = n

randomized
Input . Algorithm . Output
/ A A(l, R)
RNG R

« A(I, R) is correct with
PrplA(L, R) is correct] > ... foralll

« The runtime is O(f(n)) and/or
Prp[Runtime < O(f(n)) ] > ... forall I with || = n



Randomized Algorithms

AL R) cap
Classic vs. Randomized ) can't pe "eProdycey
classic randomized
Input Algorithm . Output Input Algorithm . Output
I A A I A A(L, R)
RNG R

. A(I) is correct and definite | * A(l, R) is correct with
for all / PrplA(L, R) is correct] > ... foralll

« The runtime is O(f(n)) for all 1 « The runtime is O(f(n)) and/or
with [/]| = n

Prp[Runtime < O(f(n)) ] > ... forall I with || = n



randomized

Input Algorithm Output

—

I A —  AUR

Randomized Algorithms 1

Las-Vegas vs. Monte-Carlo RNG R

Las-Vegas Monte-Carlo
» can output true answer » can output true answer
. e can output false answer
« can run forever/ can output no .

answer (?77)

Runtime is the RV Correctness/Quality is the RV




randomized

Input Algorithm_’ Output
I A A(l,R)

Randomized Algorithms 1

Las-Vegas vs. Monte-Carlo

Las-Vegas Runtime is the RV

« can output true answer

« can run forever/ can output no
answer (?77)

RNG R

Monte-Carlo Correctness/Quality is the RV

« can output true answer
e can output false answer

Input: An array of n=2 elements, in which half are ‘a’s and the other half are ‘b’s.

Output: Find an ‘a’ in the array.

findingA_LV(array A, n)
begin
repeat
Randomly select one element out of n elements.

until 'a' is found
end

findingA_MC(array A, n, k)

begin
1 :=0
repeat
Randomly select one element out of n elements.
i=1+1

until i = k or 'a' is found
end



Las-Vegas Runtime is the RV

Ra ndomized Algorith ms : can output true answer

RedUCing the error pI‘Obabi"ty - LaS VegaS « can run forever/ can output no answer (??7?)

To reduce the error probability by a constant factor, only a
constant number of additional iterations are necessary

Let A be a randomized algorithm that never returns an incorrect answer but

sometimes outputs ‘???" where Pr[A(/) correct] > ¢

As: invokes A until either or

e =0.25

‘???" is returned N = [8_1 In 5_1] times 5 N [etmget

0.1 10

0.01 19
0.001 28

Then it holds that Pr[A4(/) correct] > 1 — ¢ coooo1 | 7

0.000001 56




Randomized Algorithms
Reducing the error probability - Monte-Carlo

Fehlerreduktionen:

¢ Wiederholung MC: Eine N-fache Wiederholung mit N = 4¢~?1Ind ! steigert die Erfolgs-
wahrscheinlichkeit eines Monte-Carlo-Algorithmus von % +eautf >1—0.

¢ Wiederholung MC mit einseitigem Fehler: Eine N-fache Wiederholung mit N =
e 1Ind ! steigert fAir einen Monte-Carlo-Algorithmus mit einseitigem Fehler die Erfolgs-
wahrscheinlichkeit von € aut > 1 — 9.

e Target Shooting: Bestimmt der Target-Shooting-Algorithmus eine Menge S C U mit
N > 3%5_2ln (2/6) Versuchen, so ist die Ausgabe mit Wahrscheinlichkeit > 1 — § im

Intervall [(1 — 5)%, (1+ e)%]



Target-Shooting

Problem Description

given : finite sets Sand U with S C U

|5 |
U

to find :

We can generate elements u in U
uniformly distributed

li:U— (0,1}
l(uy=1 <= ues




Target-Shooting

Problem Description

given: finitesets Sand Uwith S C U U is very large. We cannot
S| afford to iterate through U

U | o
‘ ‘ . - ) )
e /
q
~ © o
- . o

We can generate elements u in U
uniformly distributed

tofind: ~

li:U— {0,1}
l(uy=1 <= ues




given: finite sets S and Uwith S C U | —
SCU = \

Target-Shooting " s
Algorithm I(W)=1 > ues e

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - I(u.
> 2} s(,)



given: finite sets Sand U withS C U

to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ucs

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)
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to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ucs

1: Pick from U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)




given: finitesets Sand UwithS C U

to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ues

1: Pick from U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)




given: finite sets Sand U withS C U

to find : zﬁ

Target-Shooting

Algorithm I(y=1 < ucs

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)

Fehlerreduktionen:

¢ Wiederholung MC: Eine N-fache Wiederholung mit N = 4¢~%1n ! steigert die Erfolgs-
wahrscheinlichkeit eines Monte-Carlo-Algorithmus von % +ecauf >1-—0.

¢ Wiederholung MC mit einseitigem Fehler: Eine N-fache Wiederholung mit N =
e~ tlnd~! steigert fA3r einen Monte-Carlo-Algorithmus mit einseitigem Fehler die Erfolgs-
wahrscheinlichkeit von € auf > 1 — 4.

e Target Shooting: Bestimmt der Target-Shooting-Algorithmus eine Menge S C U mit
N > 3%5—2ln (2/6) Versuchen, so ist die Ausgabe mit Wahrscheinlichkeit > 1 — § im

Intervall [(1— 5)%, (14 s)%] .



Finding Duplicates

Problem Description

given: A dataset D = (s, 5,,...,5,),is a sequence of n elements

tofind : find all duplicatesin D (1,j) with | <1 <] <nisaduplicatein D if

Dupl(D) = {(2,5),(2,7),(5,7), (3.6) }



o o o Elements in D are very large.
Finding Duplicates o

L Storing and comparing is
Problem Description

expensive

given: AdatasetD = (sy,5,,...,5,),is a sequence of n elements

to find : find all duplicatesin D (i,j)with 1 <i <j < nisaduplicatein D if 5;=s;

Hashfunction h :
h:U— [m]

h is efficiently computable
h behaves like a random variable

Vue UVie[m]: Prlh(u)=1i]= L (independent for different u)
m



o o o Elements in D are very large.
Finding Duplicates o

L Storing and comparing is
Problem Description

expensive

given: AdatasetD = (sy,5,,...,5,),is a sequence of n elements

to find : find all duplicatesin D (i,j)with 1 <i <j < nisaduplicatein D if 5;=s;

Hashfunction h :

heU—[ml [ml={12..m} VueUVielml: Prih)=i=_
m

Each /i(s;) is uniformly randomly distributed in [m] BUT

s; =8; = h(s;) = h(s;)

Our m is much smaller than | U| ( compression )



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicatesin D (i, j) with 1 <i <j < nisaduplicate in D if s5; = s,

Finding Duplicates |

Alg()rlthm h:U=[m] [m]={12..m} VueUVi€m: Pr[h(u):i]:%

Each A(s;) is uniformly randomly distributed in [m] BUT
s; =8, = h(s;) = h(s))

Our m is much smaller than | U| ( compression)

sorting: (12,3) (12.,4) (12,6) (27.2) (27.5) (27,7) (31.1)

duplicates: (3,6). (2,5),(2,7),(5,7)



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicate in D if s5; = s

Finding Duplicates |

Cha"enge o C()”isions h:U—[m] [m]l={12..m} VueUVie€[m]: Pr[h(u)=i]=%

Each A(s;) is uniformly randomly distributed in [m] BUT

Our m is much smaller than | U| (compression)

A C B 7 C B C
hashing: (31.1) (27.2) (12.3) (12,.4) (27,5 (12,6) (27.7)
h(A) h(C) h(B) h(Z) h(C) h(B) h(C)

sorting: (12,3) (12.,4) (12,6) (27.2) (27,5) (27,7) (31.1)

duplicates: (3,6). (2,5),(2,7),(5,7)

collision : h(B) = h(Z)



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicates in D (i,j)with 1 <i <j < nisaduplicatein D if s; = s

Finding Duplicates |

Cha"enge o C()”isions h:U—-[m] [m]={12,..m} VueUYVie€]m]: Pr[h(u)=i]=%

Each A(s;) is uniformly randomly distributed in [m] BUT
o s;=s; = h(s;) = h(s;)
COl | 1ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (1,7) , 1 <1 <j < n, withs; # s;and h(s;) = h(s))



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicatein D if s5; =s;

O O O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhuw)=i=—

m
C h a I I e n g e . CO I I I S I O n S Each A(s;) is uniformly randomly distributed in [m] BUT
.. ;=585 = h(s;) = lz.(sj)
COl | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <i<j < n, withs; # S and A(s;) = h(Sj)
- [#Collisions] :

K; :bernoulliRV. with:  K;;=1 < (i,j) is a collision

1 .
— it s. # s, |
PriK,;=1]=<{ m S; S]. (K, ] < —
0 otherwise m

. . n 1
-[#Collisions] = Z C[K; ] < (2> —

1<i<j<n



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i,j)with 1 <i <j < nisaduplicatein Dif s; =

@ @ O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhw)=i=—

m
C h a I I e n g e : CO I I I S I O n S Each A(s;) is uniformly randomly distributed in [m] BUT
. e s; =8; = h(s;) = h(s))
COl | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <1 <j < n, withs; # S and A(s;) = h(Sj)
- [#Collisions] :

K; :bernoulliRV. with:  K;;=1 < (i,j) is a collision

1 .
— if s. # 5. 1
PriK,;=1]=<{ m S; S]. (K, ] < —
0 otherwise m

2 m

1
-[#Collisions] < <n> .— <1 form=n?



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicatein D if 5; =5

@ @ O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhw)=i=—

m
L
Ru nt I m e Each A(s;) is uniformly randomly distributed in [m] BUT
. e s; =8; = h(s;) = h(s))
CO | | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <i<j < n, withs; # S and A(s;) = h(Sj)

1
-[#Collisions] < (n) .— <1 form=n?

2 m

» N hash computations o
O(nlogn)+ O(nlogm) = O(nlogn)

o SOrting N indices  hash values

 duplicate check comparisons
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PLEASE, TELL ME HIIW
COOL OF A KID YOU ARE.

« Easter break is the best !!

SPRING BREAI( IS FINALLY
HERE“'

« For us: e
POV:
« e . . YOU MADE IT TO |
Revisiting is possible . SPRING BREAK.
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Give me feedback with the form

¢ I,m One teXt away ! (can take some time)
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