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Probability Theory

Independence of random variables

» independent (random variables)

. X;,...,X, areindependent if for all x; € Xy ,,,x, € Wy the events

X =X1,X =X%,...,X, =X, are independent.

Pr| X, =x;,...,X, = x, | = Prl[X; = x{]---Pr[X = x ]

\ -

—

= le - Xn(xl XnyeeesX,) =/, X;(Xl) =/ X;(xn)

Aber: Viele der Gleichungen sind redundant.

Beispiel fur n = 3: Falls X3z Wertebereich {0,1} hat, dann folgt aus
PI‘[Xl =1, X2 = T2, X3 = 0] _ PI‘[Xl = .’I)l] . PI‘[ 2
Pr[X, = x1, Xo = 29, X3 = 1] = Pr[ X} = x4] -

automatisch:



« independent (random variables)

« Xj,...,X,areindependent if for all x; € Xy ,,,x, € Wy the events

Xi=x,X,=x,...,X, = x, are independent.

Probability Theory v

Independence of random variables

Pr[Xl = $1,.--,Xn = :Cn] = PI‘[Xl — :L'l] PI‘[Xn Iﬂ?n],

—

~ o . ~

-,33'71,) :fx‘lr(a}]) =.an (mln)

+ X;,...,X areindependent random variables, §;,...,S, C R arbitrary :

. Pr[X, €5,,....X €85 |=PrlX, € §]---Pr[X €8 ].

+ X;,...,X areindependent random variables, f; , ..., f, are real-valued

functions (f; : R - Rfori=1,...,n):

. (X)), ...,[,(X ) are independent random variables



« independent (random variables)

. X{,...,X areindependent if for all x; € XX1 yss X, € WX,, the events

Xi=x,X,=x,...,X, = x, are independent.

Probability Theory

Independence of random variables

N

~
:fXIH'--Xn(x17$2v--333n) :fxl (1131) =jx,n($n)

- X and Y are two independent random variables, Z := X+ Y

fAD) = ) Sl filz —x).

xeWy



Probability Theory

Wald'’s Identity

» N and X are two independent random variables, W, € N

N
/= ZXi where X, , X, ... are independent copies of X
=1

-[Z] = E[N] - E[X]







Probability Theory

Inequalities -
get used to using it !

Abschatzungen
e Boolesche Ungleichung, Union Bound: Pr(|J;_, A;] < > ", Pr[A;].

e Markov: Ist Wx C Rsgund t € R5g, so ist Pr(X > t| < EIX] bzw. Pr[X >t -E[X]|]| < 1.
> > t t

e Chebyshev: Fiir t € Rxg ist Pr[|X —E[X]| > #] < Y2 baw. Pr[|X —E[X]| > t-0[X]] < 4.
e Chernoff: Seien X, ..., X,, unabhingig und Bernoulli-verteilt, X := 3" , X; und é € [0, 1].

Dann ist
Pr[X > (14 6)E[X]] < e~ 3% EIX],
Pr[X < (1 - 8)E[X]] < e~ 2% EX],
Pr[X >t] <27° fiir t > 2eE[X].
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