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« Coloring Kahoot

« Probability Theory Il
- Conditional independence
- Random variables
« Expected value, Variance

« Distributions
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Probability Theory

Conditional Independence

» conditional independence :

. Event A and B are independent, if
PrlAn B| = Pr|A| - Pr|B]
- Events A ,B and C are independent, if
Prl[ANnBnN C] = Pr[A]- Pr[B] - Pr[C]

Pr[A n B] = Pr[A] - Pr[B]
Pr[An C] = Pr[A] - Pr[C]
Pr[BN C] = Pr[B] - Pr[C]



Probability Theory

Conditional Independence - Formelsammlung

Unabhiangigkeit
¢ Definition: X1,..., X, heissen genau dann unabhéngig, wenn fiir alle (z4,...,z,) € Wx, X
X Wx gilt: Pr[ Xy =2q,..., X, =z, =Pr|X; =24 - ... - Pr|X,, = x,].
e Multiplikationsformel: Sind X, ..., X,, unabhangig und §; C Wx., dann gilt:
PI’[Xl = Sl, oo, Xy E Sn] = PI’[Xl = Sl] P PI‘[Xn = Sn]
e Transformationen: Seien f; : R — R. Wenn X, ...,X,, unabhingig sind, dann gilt dies

auch fir f(Xy),...,f(X5,).
¢ Summe: Sind X,Y unabhéngig und Z := X +Y, so gilt fz(2) =) cw. [x(z) fy(z2—1).



Probability Theory

Random Variable

« random variable X :

. A random variable X is a measurable function X ;: 2 — R from a
sample space €2 as a set of possible outcomes to real numbers

Outcomes — Numbers

Y — 1 if heads ~ Sum of the upward faces
O if tails — after rolling 8 dices


https://en.wikipedia.org/wiki/Measurable_function
https://en.wikipedia.org/wiki/Outcome_(probability)

Probability Theory

Random Variable

. random variable X - Outcomes — Numbers

. A random variable X is a measurable function X ;: 2 — R from a
sample space €2 as a set of possible outcomes to real numbers

Y =

Y — 1 if heads Sum of the upward faces
O if tails after rolling 8 dices

PriX=1] = Prlw € Q| X(w) = 1] PrlY < 6] = Prlw € Q| X(w) < 6]


https://en.wikipedia.org/wiki/Measurable_function
https://en.wikipedia.org/wiki/Outcome_(probability)

Probability Theory

Functions

. probability density function f (x)
+ fx : R = 10,1], x+—= Pr[X=x] (=Pr[X(w)=x])

. cumulative distribution function F (x)

« Fy: R = [0,1], x> Pr[X < x]




Probability Theory

Expected Value

. expected value E|X]

C[X] = Z X - Pr{X = x]

xeW.

[X]= ), X(w) - Pr{w] weighted average

well

E[X] = ) PriX > ]
=1



. expected value weighted average

[X]= ) X(w) - Priw]

wel)

Probability Theory

Expected Value Properties

» linearity:

- EIX+ Y| =E|X]|+E[Y]

. ElaX] = aE|x]

. Ela X\ +a,Xo+...+a Xy+b] =aElX]]+...+a,LIX, |+ D
* Mmonotonicity :

- If X < Ythen E|X]| < E]Y]



Probability Theory

Variance

. variance Var|X]

Var[X] :=

Var|X| =

Var[a - X + b] = a” - Var[X]

« standard deviation o

_[XZ] _

E[(X — Ex])’] = ), (x = Elx])* - PrlX = x]

xeWy

_[X]Z

o 1=/ Var[X]

measure of how far a set of
numbers is spread out from
their average value/mean




Probability Theory

Formelsammlung

Erwartungswert
¢ Definition: E[X|:=}" ., z-Pr[X =z
e Linearitit: Firaq,...,a,,b € Rgilt Ela1 X 1+...+a,X,+b] = a1 E[X1]+...4+a, E[X,]+0.
¢ Summenformel: Ist Wx C Ny, dann gilt E[X] = >~ Pr[X > 1.
e Multiplikativitit: Fiir unabhingige Xq,...,X, gilt E[X; -... - X, | = E[X ] ... -E[X,].

Varianz
¢ Definition: Var[X] := E[(X — E[X])?] = E[X?] — E[X]?.
¢ Translation: Fiir a,b € R gilt Var[a - X + b] = a? - Var[X].
e Standardabweichung: o[X] := /Var[X].
o Additivitat: Fiir unabhingige X1, ..., X, gilt Var[X;+...4+X,,| = Var|X;|+...+ Var|X,,].







Probability Theory

Indicator Variable

- indicator variable /,:

1, €A
« ForaneventA C Q [(w) = { v

0, w&A

.p:Pr[A]:E[lA] D, x:l’

fi)=31-p, x=0,
0, otherwise



Probability Theory

Bernoulli Distribution

X ~ Bernoulli(p)
yes-no question

D, x =1,
HKx)=q1-p, x=0,
0, otherwise

ElX|=p Var|[X] = p (1 = p)



Probability Theory

Binomial Distribution

X ~ Bin(n, p)

# sucesses In a seguence
of n yes-no questions

fyx(x) = (Z)px(l -p)', x€{0,1,...,nj}

0, otherwise

EIX] =np Var[X] =np (1 —p)



Probability Theory

Poisson-Distribution

X ~ Po(A)

X firie N, Bin(n, A/n) converges to Po(4)
Ix() = 2 |

0, otherwise forn — oo

E[X] =4 Var[X] = A



Probability Theory

Geometric Distribution

X ~ Geo(p)

) — {p(l _p)y-l, furien,

0, otherwise

Fy(n)=1-({ —-p)"

1 —p

EIX]=1/p Var| X] = >
P

#yes-no questions
needed to get one yes



Probability Theory

Geometric Distribution

X ~ Geo(p)
Robin has no brain
| 1 —p)=t, flirieN,
Jx(1) = Pl =p) , Memorylessness
0, otherwise
PrI X>s+t| X > s] =Pr[X > 1]
Fy(n)=1-( —p)" PriX=s+1| X > s] =Pr[X =1]

1 —p
p2

EIX]=1/p Var| X] =



Probability Theory

Negative Binomial Distribution

X ~ NegativeBinomial(n)

#yes-no questions
needed to get n yesses

£(k) = (i:i)(l —p)ipt fork=12,...
(k) =

0, otherwise

E|X] =nl/p
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Probability Theory )

] 2
Coupon Collector 23 6 .

phase i := turns while we have i-1 different coupons

collect all coupons and

X; := #turns in phase | win
—(i—1
X, ~ Geo (L) ElIX;] = 1/p
n
X = ZXi
i=1

H =1nn+ 6(1)



Probability Theory

Formelsammlung

Wichtige Verteilungen

Name Bezeichnung | Wertebereich Dichte Erwartungswert | Varianz
. . , P fiur : = 1,
Bernoulli | Bernoulli(p) {0,1} fx(i) = . P p(1 — p)
l1—p fir:=0.
Binomial Bin(n, p) {0,1,...,n} |fx(?) = (’:)pz(l — p)" " np np(l — p)
Geometrisch|  Geo(p) N fx (@) =p(1—p)1 % %2
Poisson Po(\) No fx(i) = e_:!)‘ A A




Examples



1I0NS

e
O
d
 w
D
=
=
O
&
QD
a '
92,




