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• Probability Theory II 
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• Expected value , Variance 

• Distributions



Coloring Kahoot



Let’s take a break



Probability Theory



• Events  ,  and  are independent , if A B C

Conditional Independence
Probability Theory

• conditional independence : 

• Event  and  are independent , if A B

Pr[A ∩ B] = Pr[A] ⋅ Pr[B]

Pr[A ∩ B] = Pr[A] ⋅ Pr[B]

Pr[A ∩ B ∩ C] = Pr[A] ⋅ Pr[B] ⋅ Pr[C]

Pr[A ∩ C] = Pr[A] ⋅ Pr[C]
Pr[B ∩ C] = Pr[B] ⋅ Pr[C]



Conditional Independence - Formelsammlung
Probability Theory



Random Variable
Probability Theory

• random variable X :  

• A random variable   is a measurable function  from a 
sample space   as a set of possible outcomes to real numbers

X X : Ω → ℝ
Ω

Random process Outcomes  Numbers→

X = {1 if heads
0 if tails

Flipping a coin

 Y = Sum of the upward faces 
after rolling 8 dices

Rolling 8 dices

https://en.wikipedia.org/wiki/Measurable_function
https://en.wikipedia.org/wiki/Outcome_(probability)


Random Variable
Probability Theory

• random variable X :  

• A random variable   is a measurable function  from a 
sample space   as a set of possible outcomes to real numbers

X X : Ω → ℝ
Ω

Random process Outcomes  Numbers→

X = {1 if heads
0 if tails

Flipping a coin

 Y = Sum of the upward faces 
after rolling 8 dices

Rolling 8 dices

Pr[X = 1] = Pr[w ∈ Ω |X(w) = 1] Pr[Y ≤ 6] = Pr[w ∈ Ω |X(w) ≤ 6]

https://en.wikipedia.org/wiki/Measurable_function
https://en.wikipedia.org/wiki/Outcome_(probability)


Functions
Probability Theory

• probability density function  

•  

• cumulative distribution function  

•

fx(x)

fX : ℝ → [0,1], x ↦ Pr[X = x] ( = Pr[X(ω) = x])

Fx(x)

FX : ℝ → [0,1], x ↦ Pr[X ≤ x]



Expected Value
Probability Theory

• expected value  

•   

•   

•

𝔼[X]
𝔼[X] := ∑

x∈Wx

x ⋅ Pr[X = x]

𝔼[X] = ∑
w∈Ω

X(w) ⋅ Pr[w]

𝔼[X] =
∞

∑
i=1

Pr[X ≥ i]

weighted average 



Expected Value Properties
Probability Theory • expected value 

•  𝔼[X] = ∑
w∈Ω

X(w) ⋅ Pr[w]

weighted average 

• linearity:  

•  

•  

•  

• monotonicity : 

• If  then 

E[X + Y] = E[X] + E[Y]

E[aX] = aE[x]

E[a1X1 + a2X2 + . . . + anXN + b] = a1E[X1] + . . . + anE[Xn] + b

X ≤ Y E[X] ≤ E[Y]



Variance
Probability Theory

• variance Var[X] measure of how far a set of 
numbers is spread out from 

their average value/mean
Var[X] := 𝔼[(X − E[x])2] = ∑

x∈WX

(x − E[x])2 ⋅ Pr[X = x]

• standard deviation σ

σ := Var[X]

Var[X] = 𝔼[X2] − 𝔼[X]2

Var[a ⋅ X + b] = a2 ⋅ Var[X]



Formelsammlung
Probability Theory



Probability Theory
Distributions



Indicator Variable
Probability Theory

• indicator variable :  

• For an event   

  

•  

IA

A ⊆ Ω

p = Pr[A] = E[IA]

IA(ω) := {1, ω ∈ A
0, ω ∉ A

fIA
(x) =

p, x = 1,
1 − p, x = 0,
0, otherwise



Bernoulli Distribution
Probability Theory

X ∼ Bernoulli(p)

fX(x) =
p, x = 1,
1 − p, x = 0,
0, otherwise

E[X] = p Var[X] = p (1 − p)

yes-no question 

Example to remember : 

Coin toss

X = indicator for head



Binomial Distribution
Probability Theory

X ∼ Bin(n, p)

fX(x) = (n
x) px(1 − p)n−x, x ∈ {0,1,…, n}

0, otherwise

E[X] = np Var[X] = np (1 − p)

# sucesses in a sequence 
of n yes-no questions

Example to remember : 

Coin toss 10 times

X = #heads

✅
✅✅✅



Poisson-Distribution
Probability Theory

X ∼ Po(λ)

fX(i) = {
e−λλi

i! , für i ∈ ℕ0

0, otherwise

E[X] = λ Var[X] = λ

 converges to   Bin(n, λ/n) Po(λ)

for n → ∞



Geometric Distribution
Probability Theory

X ∼ Geo(p)

fX(i) = {p(1 − p)i−1, für i ∈ ℕ,
0, otherwise

#yes-no questions 
needed to get one yes

Example to remember : 
Coin toss until a head comes

X = #tosses

✅

❌
❌
❌
❌

FX(n) = 1 − (1 − p)n

E[X] = 1/p Var[X] =
1 − p

p2



Geometric Distribution
Probability Theory

X ∼ Geo(p)

fX(i) = {p(1 − p)i−1, für i ∈ ℕ,
0, otherwise

E[X] = 1/p Var[X] =
1 − p

p2

✅

❌
❌
❌
❌

Robin has no brain

Memorylessness

Pr[X ≥ s + t ∣ X > s] = Pr[X ≥ t]
Pr[X = s + t ∣ X > s] = Pr[X = t]FX(n) = 1 − (1 − p)n



Negative Binomial Distribution
Probability Theory

X ∼ NegativeBinomial(n)

fX(k) = (k − 1
n − 1)(1 − p)k−npn, for k = 1,2,…

0, otherwise

#yes-no questions 
needed to get n yesses

Example to remember : 
Coin toss until n-th head comes

X = #tosses

✅

❌
❌
❌

E[X] = n/p

✅



Coupon Collector
Probability Theory

Xi ∼ Geo ( n − (i − 1)
n )

collect all coupons and 
win 

Example to remember : 

n different coupons , we’re 
getting one in each turn

X = #turns until we get all n 
coupons𝔼[X] =

n

∑
i=1

𝔼[Xi] =
n

∑
i=1

n
n − i + 1

= n ⋅
n

∑
i=1

1
i

= n ⋅ Hn,

 #turns in phase i Xi :=

phase i := turns while we have i-1 different coupons

X =
n

∑
i=1

Xi

E[Xi] = 1/p

Hn = ln n + 𝒪(1)



Formelsammlung
Probability Theory



Examples



Questions

Nil Ozer

Feedbacks , Recommendations


