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Last Weeks...

» 08.05 : Randomized Algorithms |l

» 15.05 : Flow

» 22.05 online : Minimum Cut , Convex Hull | (shortly remaining primality tests )

« 27.05/28.05 extra session : Convex Hull Il , Smallest Enclosing Cycle

« 29.05 last session : Exam Prep Session + Pizza and Drinks
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» Randomized Algorithms Il
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Randomized Algorithms

AL R) cap
Classic vs. Randomized ) can't pe "eProdycey
classic randomized
Input Algorithm . Output Input Algorithm . Output
I A A I A A(L, R)
RNG R

. A(I) is correct and definite | * A(l, R) is correct with
for all / PrplA(L, R) is correct] > ... foralll

« The runtime is O(f(n)) for all 1 « The runtime is O(f(n)) and/or
with [/]| = n

Prp[Runtime < O(f(n)) ] > ... forall I with || = n



randomized

Input Algorithm_’ Output
I A A(l,R)

Randomized Algorithms 1

Las-Vegas vs. Monte-Carlo

Las-Vegas Runtime is the RV

« can output true answer

« can run forever/ can output no
answer (?77)

RNG R

Monte-Carlo Correctness/Quality is the RV

« can output true answer
e can output false answer

Input: An array of n=2 elements, in which half are ‘a’s and the other half are ‘b’s.

Output: Find an ‘a’ in the array.

findingA_LV(array A, n)
begin
repeat
Randomly select one element out of n elements.

until 'a' is found
end

findingA_MC(array A, n, k)

begin
1 :=0
repeat
Randomly select one element out of n elements.
i=1+1

until i = k or 'a' is found
end



Target-Shooting

Problem Description

given: finitesets Sand Uwith S C U U is very large. We cannot
S| afford to iterate through U

U | o
‘ ‘ . - ) )
e /
q
~ © o
- . o

We can generate elements u in U
uniformly distributed

tofind: ~

li:U— {0,1}
l(uy=1 <= ues




given: finite sets S and Uwith S C U | —
SCU = \

Target-Shooting " s
Algorithm I(W)=1 > ues e

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - I(u.
> 2} s(,)



given: finite sets Sand U withS C U

to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ucs

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)




given: finitesets Sand UwithS C U

to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ucs

1: Pick from U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)




given: finitesets Sand UwithS C U

to find : zﬂ

Target-Shooting

Algorithm I(y=1 < ues

1: Pick from U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)




given: finite sets Sand U withS C U

to find : zﬁ

Target-Shooting

Algorithm I(y=1 < ucs

1:Pick uy, ..., uyfrom U randomly, uniformly and independently

1 N
2 : Return — - (U
> 2} o)

Fehlerreduktionen:

¢ Wiederholung MC: Eine N-fache Wiederholung mit N = 4¢~%1n ! steigert die Erfolgs-
wahrscheinlichkeit eines Monte-Carlo-Algorithmus von % +ecauf >1-—0.

¢ Wiederholung MC mit einseitigem Fehler: Eine N-fache Wiederholung mit N =
e~ tlnd~! steigert fA3r einen Monte-Carlo-Algorithmus mit einseitigem Fehler die Erfolgs-
wahrscheinlichkeit von € auf > 1 — 4.

e Target Shooting: Bestimmt der Target-Shooting-Algorithmus eine Menge S C U mit
N > 3%5—2ln (2/6) Versuchen, so ist die Ausgabe mit Wahrscheinlichkeit > 1 — § im

Intervall [(1— 5)%, (14 s)%] .



Finding Duplicates

Problem Description

given: A dataset D = (s, 5,,...,5,),is a sequence of n elements

tofind : find all duplicatesin D (1,j) with | <1 <] <nisaduplicatein D if

Dupl(D) = {(2,5),(2,7),(5,7), (3.6) }



o o o Elements in D are very large.
Finding Duplicates o

L Storing and comparing is
Problem Description

expensive

given: AdatasetD = (sy,5,,...,5,),is a sequence of n elements

to find : find all duplicatesin D (i,j)with 1 <i <j < nisaduplicatein D if 5;=s;

Hashfunction h :
h:U— [m]

h is efficiently computable
h behaves like a random variable

Vue UVie[m]: Prlh(u)=1i]= L (independent for different u)
m



o o o Elements in D are very large.
Finding Duplicates o

L Storing and comparing is
Problem Description

expensive

given: AdatasetD = (sy,5,,...,5,),is a sequence of n elements

to find : find all duplicatesin D (i,j)with 1 <i <j < nisaduplicatein D if 5;=s;

Hashfunction h :

heU—[ml [ml={12..m} VueUVielml: Prih)=i=_
m

Each /i(s;) is uniformly randomly distributed in [m] BUT

s; =8; = h(s;) = h(s;)

Our m is much smaller than | U| ( compression )



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicatesin D (i, j) with 1 <i <j < nisaduplicate in D if s5; = s,

Finding Duplicates |

Alg()rlthm h:U=[m] [m]={12..m} VueUVi€m: Pr[h(u):i]:%

Each A(s;) is uniformly randomly distributed in [m] BUT
s; =8, = h(s;) = h(s))

Our m is much smaller than | U| ( compression)

sorting: (12,3) (12.,4) (12,6) (27.2) (27.5) (27,7) (31.1)

duplicates: (3,6). (2,5),(2,7),(5,7)



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicate in D if s5; = s

Finding Duplicates |

Cha"enge o C()”isions h:U—[m] [m]l={12..m} VueUVie€[m]: Pr[h(u)=i]=%

Each A(s;) is uniformly randomly distributed in [m] BUT

Our m is much smaller than | U| (compression)

A C B 7 C B C
hashing: (31.1) (27.2) (12.3) (12,.4) (27,5 (12,6) (27.7)
h(A) h(C) h(B) h(Z) h(C) h(B) h(C)

sorting: (12,3) (12.,4) (12,6) (27.2) (27,5) (27,7) (31.1)

duplicates: (3,6). (2,5),(2,7),(5,7)

collision : h(B) = h(Z)



given: Adataset D = (51,5,,..., s,) ., is a sequence of n elements

to find : find all duplicates in D (i,j)with 1 <i <j < nisaduplicatein D if s; = s

Finding Duplicates |

Cha"enge o C()”isions h:U—-[m] [m]={12,..m} VueUYVie€]m]: Pr[h(u)=i]=%

Each A(s;) is uniformly randomly distributed in [m] BUT
o s;=s; = h(s;) = h(s;)
COl | 1ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (1,7) , 1 <1 <j < n, withs; # s;and h(s;) = h(s))



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicatein D if s5; =s;

O O O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhuw)=i=—

m
C h a I I e n g e . CO I I I S I O n S Each A(s;) is uniformly randomly distributed in [m] BUT
.. ;=585 = h(s;) = lz.(sj)
COl | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <i<j < n, withs; # S and A(s;) = h(Sj)
- [#Collisions] :

K; :bernoulliRV. with:  K;;=1 < (i,j) is a collision

1 .
— it s. # s, |
PriK,;=1]=<{ m S; S]. (K, ] < —
0 otherwise m

. . n 1
-[#Collisions] = Z C[K; ] < (2> —

1<i<j<n



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i,j)with 1 <i <j < nisaduplicatein Dif s; =

@ @ O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhw)=i=—

m
C h a I I e n g e : CO I I I S I O n S Each A(s;) is uniformly randomly distributed in [m] BUT
. e s; =8; = h(s;) = h(s))
COl | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <1 <j < n, withs; # S and A(s;) = h(Sj)
- [#Collisions] :

K; :bernoulliRV. with:  K;;=1 < (i,j) is a collision

1 .
— if s. # 5. 1
PriK,;=1]=<{ m S; S]. (K, ] < —
0 otherwise m

2 m

1
-[#Collisions] < <n> .— <1 form=n?



given: AdatasetD = (sq,5,,...,5,), is a sequence of n elements

to find : find all duplicates in D (i, j) with 1 <i <j < nisaduplicatein D if 5; =5

@ @ O
Finding Duplicates 1
h:U—[m] [ml={12,..m} VYueUVie[m]: Prlhw)=i=—

m
L
Ru nt I m e Each A(s;) is uniformly randomly distributed in [m] BUT
. e s; =8; = h(s;) = h(s))
CO | | ISION : Our m is much smaller than | U| ( compression)

The new, undesired duplicates in the hashmap
the pairs (i,j), 1 <i<j < n, withs; # S and A(s;) = h(Sj)

1
-[#Collisions] < (n) .— <1 form=n?

2 m

» N hash computations o
O(nlogn)+ O(nlogm) = O(nlogn)

o SOrting N indices  hash values

 duplicate check comparisons
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Primality Test

Problem Description

given: A numbern € N

n |1234567891011121314151617181920212223 ...

f(n)l010121042 1 8 1 240 1141 8 421

tofind: isnprime??



® ®
Pr|ma||ty Test n [234567891011121314151617 181920212223 ...

.« e f(n)|010121042 1 8 1 2 40 1141 8 421
Problem Description (

given: A numbern € N

tofind: isnprime < nhasnodividerin{2,...,n—1}

prime-counting function m(x) :

7(x) := {n eN|[n<xn prime} ~

In x



® ®
Pr|ma||ty Test n [234567891011121314151617 181920212223 ...

.« e f(n)|010121042 1 8 1 2 40 1141 8 421
Problem Description (

given: A numbern € N

tofind: isnprime < nhasnodividerin{2,...,n—1}

prime-counting function m(x) :

X

7(x) := {n eN|[n<xn prime} ~

In x
2, 3, a4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17) 18, 19, 20, 21, 22, 23 ¢ ¢ o

n(ll) =



® ®
Pr|ma||ty Test n [234567891011121314151617 181920212223 ...

.« e f(n)|010121042 1 8 1 2 40 1141 8 421
Problem Description (

given: A numbern € N

tofind: isnprime < nhasnodividerin{2,...,n—1}

prime-counting function m(x) :

X

7(x) := {n eN|[n<xn prime} ~

In x
2, 3, a4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17) 18, 19, 20, 21, 22, 23 ¢ ¢ o

n(l1) =735



® ®
Pr|ma||ty Test n [234567891011121314151617 181920212223 ...

.« e f(n)|010121042 1 8 1 2 40 1141 8 421
Problem Description (

given: Anumbern €N

tofind: isnprime < nhasnodividerin{2,...,n—1}

prime-counting function 7(x) :  a(x) ;== [{n €N|n <x,nprime}| ~

In x



given: A numbern € N

Primality TGSt tofind: isn prime < nhasnodividerin{2,..., n—1}
Naive Algorithm

. . : . X
prime-counting function z(x) : #(x) := | {n eN|n<xn pr|me} ‘ ~ .
nx

1) Foralla < ﬁ test if a divides n



given: A numbern € N

Pri ma I ity TeSt tofind: isn prime < n has no dividerin {2

Easy randomized test

. : : . X
prime-counting function z(x) : #(x) := | {n eN|n<xn pr|me} | ~ .
nx

1) Choosea € {1,2,... ,ﬁ} uniformly at random

2 ) if a divides n then return ‘not prime’

3 ) else return



Refresher
DiskMat &

gcd : greatest common divisor

/% : the multiplicative group modulo n



given: A numbern € N

Prlmallty Test tofind: isnprime < nhasnodividerin{2,..., n—1}

Euclidean Primality Test

. . . . X
prime-counting function z(x) :  a(x) := | {neN|n<x nprime} ‘ ~—
nx

nis prime = gcd(a,n) =1 Vae|[ln—-1]

1) Choosea € {1,2,... ,ﬁ} uniformly at random
2)if gcd(a,n) > 1 then return 'not prime’
3 ) else return

- if nisaprime:

 if nis not a prime : it might return a wrong answer with the probability

{aclln-1ligedam =1} 75

n—1 n—1




's take a break

AW © &

WhatsApp group







Helper

Mathematical Tools and Notations
=1{1,2,...,n}

= the set of sequences over [n] of length k

= the set of k-element subsets of [n]

The k nodes on a path of length kK — 1 can be colored using [k] in exactly =~ ways

of these colorings use each color exactly once



Helper

Mathematical Tools and Notations

Handshaking lemma : For all graphs , it holds that ) deg(v) = 2| E| |

veV

It you repeat an experiment with success probability p until success, then the

1

expected number of trialsis —  ( )
P



Helper

Mathematical Tools and Notations

For c,n € R™, it holds that

plogn — ylog2 — 1 ang 2000en) — 1, 0D ig glways polynomial in 7

Forn € N, it holds that

Forn € N, it holds that



Long-Path

Problem Description

given: A graph G and a number B € N

to find : is there a path of length Bin G



Long-Path

Problem Description

given: A graph G and a number B € N

to find : is there a path of length Bin G

NP-Complete



Colorful Paths

Problem Description

given: Agraph G = (V,E)

A coloring of its vertices with k colorsy : V — [k]

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored
graph ?

colorful :

A path is colorful if all of the vertices in the path have a different color



Colorful Paths

Problem Description

given: Agraph G = (V,E)

A coloring of its vertices with k colorsy : V — [k]

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored
graph ?

A path is colorful if all of the vertices in the path have a different color

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

3 colorful path of lengthk -1 <= UPk—1(V) *

vevV



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P g raph ?  Apathis colorful if all of the vertices in the path have a different color
l(v) 3 colorful path of lengthk -1 < UP,‘__,(\.’) O
veV

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

P(v):={SCI[kl, |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
colorful path of length i ending at v only
using the colors in S



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P g raph ?  Apathis colorful if all of the vertices in the path have a different color
l(v) 3 colorful path of lengthk -1 < Upk—l(“’) + O
veV

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

P(v):={SCI[kl, |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
« Py(v) = colorful path of length i ending at v only
using the colors in S



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P g raph ?  Apathis colorful if all of the vertices in the path have a different color
l(v) 3 colorful path of lengthk -1 < Upk—l(“’) + O
veV

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
. Py(v) = {{}/(v)}} colorful path of length i ending at v only
using the colorsin S



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P g raph ?  Apathis colorful if all of the vertices in the path have a different color
l(v) 3 colorful path of lengthk -1 < Upk—l(“’) + O
veV

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
. Py(v) = {{}/(v)}} colorful path of length i ending at v only
using the colorsin S

o P1 (V) =



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P ( ) g raph ?  Apathis colorful if all of the vertices in the path have a different color
l

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

3 colorful path of length k-1 < | JP,_,0) # @
veV

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
. Py(v) = {{}/(v)}} colorful path of length i ending at v only
using the colorsin S

. P(v) = {{r(),y("} | x € N(v) und y(x) # y(v) }



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P ( ) graph ?  Apathis colorful if all of the vertices in the path have a different color
l

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

3 colorful path of lengthk -1 < UPk_l(v) #*Q
veV

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
. Py(v) = {{}/(v)}} colorful path of length i ending at v only
using the colorsin S

. P(v) = {{r(),y("} | x € N(v) und y(x) # y(v) }

« P(v) =



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

Colorful Paths

P ( ) graph ?  Apathis colorful if all of the vertices in the path have a different color
l

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

3 colorful path of length k-1 < | JP,_,0) # @
veV

P(v) = {S C k], |S|=i+1 | There exists a colorful path of length i ending in v with colors S}

color sets S s.t |S| = i+1 and there is a
. Py(v) = {{y(v)}} colorful path of length i ending at v only
using the colorsin S

. P(v) = {{r(),y("} | x € N(v) und y(x) # y(v) }

P =) {RU{r0} IReP_(x)undy(v) &R}

xeN©W)



given: Agraph G = (V,E)

A coloring of its vertices with k colors y : V — [k]

CO I O rfu I Pat hs tofind: Does there exist a colorful path of length k — 1 in a randomly colored

B I g 0 r i t h gra ph ?  Apathis colorful if all of the vertices in the path have a different color

3 colorful path of length k-1 < | JP,_,0) # @
veV

Algorithm 1: COLORFUL(G, 1) G a v-colored graph
1 forall v e V do

2 P;(v) «+ 0;

3 forall x € N(v) do

4 forall R € P;,_,(x) such that v(v) ¢ R do

5 Pi(v) <= Pi(v) U{RU{y(v)}};

Algorithm 2: RAINBOW(G, ) GG a graph, v a k-coloring
1 forall v € V do

2 | Po(v) « {{7(v)}};

3 fori=1tok—1do

4 | COLORFUL(G,1);

s return |J, . Pr—1(v) # 0;




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1

2 | Py(v) « {{7(v)}}; 2
g fori=1tok—1do i forallxeN(v)do

5

N\ forall R € P,_,(z) such that v(v) ¢ R do
a | COLORFUL(G,1); 1 .
s return (J,_, Po_1(v) £ 0 i L P;(v) « P;(v) U{RU {v(v)}};

forall v € V do
P;(v) + 0;

Colorful Paths
Algorithm

Po

Po (1)

Po (2)

Po(3)

Po (4)

Po (5)

Po (6)

Po (7)

color sets S s.t [S| = i+1 and there is a

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm

Colorful Paths

Algorithm 2: RAINBOW(G, )

Algorithm 1: COLORFUL(G, 1)

1 forall v € V do

2 | Po(v) < {{n(v)}};
3 fori=1tok—1do
a | COLORFUL(G,i);

s return (J, ., P (v) # 0:

Po
Po (1) {11}
?0(2) {11}
P0(3) {1}
Po (4) {121}
Po (5) {17}
P0 (6) {17}
20 (7) {14}}

color sets S s.t [S| = i+1 and there is a
colorful path of length i ending at v only
using the colors in S

1 forall v € V do

2

3
4
5

P,'(’U) — @;
forall x € N(v) do
forall R € P,_,(z) such that v(v) ¢ R do

[ P() « B U{RU{H)}




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 A ——
. . C G.i): 4 ora S o such that y(v o
Algorithm e s | | L P « R U{RUHE)DY

P
D1 (1) \
P1(2)
P1(3)
31 (4) \
D : (5) Po
Po (1) {11}
6

?1(6) Po(2) {on
P4 (7) Po (3) i}
Po (4) {2}}

Po (5) {}

color sets S s.t [S| = i+1 and there is a = L

i Po (7) {{4}}

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P;
D'] (1) {{1 ’ 2}}
P1(2)
P1(3) >
P1(4)
31 (5) Po
Po (1) {1}}
1 (6) Po (2) {n 6
>, (7) Po(3) {1}}
Po (4) {2}}
Po (5) {}
I S S i d h . Po (6) {°}}
color sets S s.t [S| = i+1 and there is a Po (7) Han

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

, ., S 2 P,'(’U) «— O);
Colorful Paths : 7o @on s | SmlacNOde s
< _ t y(v o
. a | COLORFUL(G,1); * ora. < _1 v) such .
Alg()rlthm A Uvevpk_l(v);éﬂ; 5 i L Pz(v)(—Pz('U)U{RU{’Y('U)}}v
P;
1 (1) {1, 21 \
P1(2)
P1(3) ’
P1(4)
P1(5) "
Po (1) {11}
P1(6) Po (2) iy e 6
>, (7) Po(3) {1}}
Po (4) {{2}}
Po (5) {}
I . d h . Po (6) {1
color sets S s.t |S| = i+1 and there is a Po (7) Han

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . COLO G.i): 4 ora € I;_1(x) such that y(v o
Algorithm T s | | L P@) e P URUGO))
. 4
P1(1) {1, 2}} \
P1(2) {1, 2}}
P1(3) o
P1(4)
?1(5) o
Po (1) {11}
P1(6) Po (2) oy e 6
P, (7) Po (3) i}
Po (4) {{2}}
Po (5) {{°}
I _ 141 and there i Po (6) oy
color sets S s.t [S| = i+1 and there is a Po () an

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P;
21 (1) {{1, 2}}
:)'] (2) {{/ ’ 2}}
P1(3) Z >
P1(4)
31 (5) Po
Po (1) {1}}
1 (6) Po (2) {n 6
>, (7) Po(3) {1}}
Po (4) {2}}
Po (5) {}
I S S| = " d h . Po (6) {°}}
color sets S s.t [S| = i+1 and there is a Po (7) Han

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P;
21 (1) {{1, 2}}
21(2) {{1, 2}}
P1(3) Z >
D'] (4) {{1 ’ 2} ’ {2 ’ }}
31 (5) Po
Po (1) {1}}
1 (6) Po (2) {n 6
>, (7) Po(3) {1}}
Po (4) {2}}
Po (5) {}
I S S| = " d h . Po (6) {°}}
color sets S s.t [S| = i+1 and there is a Po (7) Han

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

. 0

D'] (1) {{’ ’ 2}}
21(2) {{1, 2}}
P1(3) Z
D'] (4) {{1 ’ 2} ’ {2 ’ }}
P1(5) .
Po (1) {1}}
1 (6) Po (2) {n 6
>, (7) Po(3) {1}}
Po (4) {2}}
Po (5) {}
I S S| = " d h . Po (6) {°}}
color sets S s.t [S| = i+1 and there is a Po (7) Han

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

. 0

21 (1) {1, 2}}
21(2) {1, 2}}
P1(3) <
D'] (4) {{1 ’ 2} ’ {2 ’ }}
D’I (5) {{2 ’ } ’ { ’ 4}} o
Po (1) {1}}
1 (6) Po (2) {n 6
>, (7) Po(3) {1}}
Po (4) {2}}
Po (5) {}
. . Po (6) {1
color sets S s.t |S| = i+1 and there is a Po (7) 4N

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Colorful Paths
Algorithm

Algorithm 2: RAINBOW(G, )

Algorithm 1: COLORFUL(G, 1)

1 forall v € V do

2 | Po(v) < {{n(v)}};
3 fori=1tok—1do
a | COLORFUL(G,i);

5 return |J, ., Pi_1(v) # 0;

1 forall v € V do

2
3
4
5

P;(v) « 0;
forall z € N(v) do
forall R € P,_,(z) such that v(v) ¢ R do

[ P() « B U{RU{H)}

P
1 (1) i1, 2}}
1 (2) i1, 2}}
P1(3) %
1 (4) 1,2}, 12, 53}
1 (5) 12, 1,15, 4}
P1(6)
P1(7)

color sets S s.t [S| = i+1 and there is a
colorful path of length i ending at v only
using the colors in S

Po
Po (1) {11}
Po(2) {1}
Po (3) {11}
Po (4) {{2}}
Po (5) {"}
Po (6) {1
Po (7) {{4}}

1,2,5,4



Colorful Paths
Algorithm

Algorithm 2: RAINBOW(G, )

Algorithm 1: COLORFUL(G, 1)

1 forall v € V do

2 | Po(v) < {{n(v)}};
3 fori=1tok—1do
a | COLORFUL(G,i);

5 return |J, ., Pi_1(v) # 0;

1 forall v € V do

2
3
4
5

P;(v) « 0;
forall z € N(v) do
forall R € P,_,(z) such that v(v) ¢ R do

[ P() « B U{RU{H)}

P
1 (1) i1, 2}}
1 (2) i1, 2}}
P1(3) %
1 (4) 1,2}, 12, 53}
1 (5) 12, 1,15, 4}
P1(6) %,
P1(7)

color sets S s.t [S| = i+1 and there is a
colorful path of length i ending at v only
using the colors in S

Po
Po (1) {11}
Po(2) {1}
Po (3) {11}
Po (4) {{2}}
Po (5) {"}
Po (6) {1
Po (7) {{4}}

1,2,5,4



Colorful Paths

Algorithm

Algorithm 2: RAINBOW(G, )

Algorithm 1: COLORFUL(G, 1)

1 forall v € V do

2 | Po(v) < {{n(v)}};
3 fori=1tok—1do
a | COLORFUL(G,i);

5 return |J, ., Pi_1(v) # 0;

1 forall v € V do

2
3
4
5

P;(v) « 0;
forall z € N(v) do
forall R € P,_,(z) such that v(v) ¢ R do

[ P() « B U{RU{H)}

P

1 (1) i1, 2}}

1 (2) i1, 2}}
P1(3) %

1 (4) 1,2}, 12, 53}
1 (5) 12, 1,15, 4}
P1(6) %,

P1(7) {12, 41}

color sets S s.t [S| = i+1 and there is a

colorful path of length i ending at v only
using the colors in S

Po
Po (1) {11}
Po(2) {1}
Po (3) {11}
Po (4) {{2}}
Po (5) {"}
Po (6) {1
Po (7) {{4}}




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths
Algorithm

N\ forall R € P,_,(z) such that v(v) ¢ R do
a | COLORFUL(G,1); 1 .
s return (J,_, Po_1(v) £ 0 i L P;(v) « P;(v) U{RU {v(v)}};

P2
P2 (1)
P2 (2)
P5 (3) S
P> (4)
P> (5)
D, (6) P 6
S P1(1) {1, 2}
2(7) P1(2) {1, 21
P1(3) %
P1(4) {1,2},{2,°}
color sets S s.t |S| = i+1 and there is a P1(5) {2, '}, &, 4%
colorful path of length i ending at v only P1(6) ° Y 2,53,4
. . P1(7) {7, 4}}}
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

forall v € V do

P2

4
P> (1) \ /
P2 (2)

P, (3) S
P2 (4)
P5 (5)
32 (6) P1 6
5 P1(1) {1, 2}
2(7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v onl P1(6) 9
P : 0 : J Y P1(7) {{", 41} 4 1 ! 2 ! ! 4
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

P2

25 (1) {1.2,5}} \ /a
D5 (2)

P, (3) S
P2 (4)
P5 (5)
32 (6) P1 6
5 P1(1) {1, 2}
2(7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v onl P1(6) 9
P : 0 : J Y P1(7) {{", 41} 4 1 ! 2 ! ! 4
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G,7)
1 forall v € V do

2 | Pov) « {7(0)}};

3 fori=1tok—1do

1 forall v € V do

2 P;(v) < 0;

3 forall z € N(v) do
4

5

Colorful Paths

forall R € P,_,(z) such that v(v) ¢ R do

. a | COLORFUL(G,i); ,
Algorithm s ot U B (o) # b | L R0 < ROUERVHED)
P2

P, (1) {1,2,38 \
P2 (2)
P5 (3) S
P> (4)
P> (5)
D, (6) P e 6
S P1(1) {1, 2}
2(7) P1(2) {1, 21
P1(3) %
P1(4) {1,2},{2,°}
color sets S s.t |S| = i+1 and there is a P1(5) {2, '}, &, 4%
colorful path of length i ending at v only P1(6) ° Yy 1 92 4
: : P1(7) {2, 41 et
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G,7)
1 forall v € V do

2 | Pov) « {7(0)}};

3 fori=1tok—1do

a | COLORFUL(G,i);

1 forall v € V do

2 P;(v) < 0;

3 forall z € N(v) do
4

5

Colorful Paths

forall R € P,_,(z) such that v(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}
5 4
P2 (1) {1,2, 51} \
P2 (2) {1,2, 3}
P> (3) S
P2 (4)
P> (5)
D, (6) P e 6
P1(1) {1, 2}}
P2 (7) P1(2) {, 21
P1(3) D
P;(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, }. 15,48
colorful path of length i ending at v only P1(6) ° Yy 1 92 4
. . P1(7) {0, A re
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

P2
22 (1) {1.2,54
22 (2) {1.2,54
P, (3) S
P2 (4)
P7 (5)
D, (6) P; 6
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v only P1(6) ° Y 2,53,4
using the colors in S P (7) t, 431




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths
Algorithm

N\ forall R € P,_,(z) such that v(v) ¢ R do
a | COLORFUL(G,1); 1 .
s return (J,_, Po_1(v) £ 0 i L P;(v) « P;(v) U{RU {v(v)}};

P2
22 (1) {1.2,54
22 (2) {1.2,54
P,y (3) % 5
P2 (4)
P7 (5)
D, (6) P; 6
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v only P1(6) ° Y 2,53,4
using the colors in S P (7) t, 431




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths
Algorithm

N\ forall R € P,_,(z) such that v(v) ¢ R do
a | COLORFUL(G,1); 1 .
s return (J,_, Po_1(v) £ 0 i L P;(v) « P;(v) U{RU {v(v)}};

P2
22 (1) {1.2,5}
2 (2) {1,2, 21 a
D) (3) 2, 5
P2 (4)
P7 (5)
D, (6) P; 6
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v only P1(6) ° Y 2,53,4
using the colors in S P (7) t, 431




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P2
22 (1) {1,2, 5}
5 (2) {1,2, 8 a
P> (3) 2, 5
P2 (4) {2, 3, 4}}
D) (5)
D, (6) P; 6
P1(1) {1, 2}}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2, °}}
color sets S s.t [S| =i+1 and there is a P1(5) {2, }.{8,48
colorful path of length i ending at v only P‘ES; - Q}}} Y 2,53,4
P1(7 , 4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths
Algorithm

N\ forall R € P,_,(z) such that v(v) ¢ R do
a | COLORFUL(G,1); 1 .
s return (J,_, Po_1(v) £ 0 i L P;(v) « P;(v) U{RU {v(v)}};

P2

25 (1) {1.2,5}
25 (2) {1.2, 5}
D5 (3) %
P2 (4) {2, 5,41}
P5 (5)
D, (6) P; 6
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t [S| =i+1 and there is a P1(5) {2, }.{8,48
colorful path of length i ending at v only P1(6) ° Y 2,53,4
using the colors in S P (7) t, 4h




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P2

22 (1) {1.2,5}

22 (2) {1.2, 5}

D5 (3) %

P> (4) {2, 5, 4}}

P2 (5) {1.2, 51}

D, (6) P; 6
P1(1) {1, 2}

P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}

color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48

colorful path of length i ending at v only P‘ES; - Q}}} Y 2,53,4

P1(7 , 4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P2
22 (1) {1.2,5}
22 (2) {1.2, 5}
P,y (3) % 5
P> (4) {2, 5, 4}}
P2 (5) {1.2, 51}
D, (6) P;
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v only P‘ES; - Q}}} Y 2,53,4
P1(7 , 4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P2
22 (1) {1.2,5}
22 (2) {1.2, 5}
D) (3) 2, 5
P> (4) {2, 5, 4}}
P2 (5) {1.2, 51}
D, (6) %) P;
P1(1) {1, 2}
P2 (7) P1(2) {1, 21
P1(3) %,
P1(4) {1,2},{2,°}}
color sets S s.t |S| = i+1 and there is a P1(5) {2, 1.4, 48
colorful path of length i ending at v only P‘ES; - Q}}} Y 2,53,4
P1(7 , 4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

forall v € V do

P2
25 (1) {1,2, 5}
25 (2) {1,2, 5}
P5 (3) %, S
P2 (4) {{2,5,4}}
P2 (5) {1,2,°}}
D, (6) @ P 6
P1(1) {1, 2}
P, (7) {2, 2, 4}} P1(2) 1,21
P1(3) %
P1(4) {1,2},{2,°}
color sets S s.t |S| = i+1 and there is a P1(5) {2, '}, &, 4%
colorful path of length i ending at v only P1(6) ° Yy 1 92 4
: : P1(7) {2, 41 et
using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P3
P3 (1)
P3(2)
P3(3) 5
P3(4)
P3(5)
5 P2
3(6) P, (1) {1,2,28 6
P35 (7) P2(2) {,2, 38
P2 (3) &
P2 (4) {{2, 2,4}
color sets S s.t [S| = i+1 and there is a EQ EZ . ;' i
. . 2
colorful path of length i ending at v only ) ) T Y 2,53,4

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

Colorful Paths : . 7wcwon | v d
Algorithm Loy o] | LR@CROUEOGEN
Ps3
P3 (1) \ /a
P3(2)
P3(3)
?3 (4)
P3(5) P
"3 (6) Pz:1) {1,2, 8 6
P3(7) P2(2) {,2,3
P (3) %
P2 (4) {2,2, 4%
color sets S s.t |S| = i+1 and there is a P2(5) {2, o3
colorful path of length i ending at v only ::S; {{2’@' pre Y 2,53,4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

11
1 forall v € V do 1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 A ——
. . C G.i): 4 ora S o such that y(v o
Algorithm e s | | L P « R U{RUHE)DY

Ps3
3 (1) {{1,2,3,4}} \ /a
P3(2)

P3(3)
?3 (4)
P3(5)
D P2
3(6) P2 (1) {,2,8 6
P3(7) P2(2) {0,2,0
P2(3) %,
P2 (4) {2,2, 4%
color sets S s.t |S| = i+1 and there is a EQ EZ; i, é =)
. . )
colorful path of length i ending at v only ) ) T Y 2,53,4

using the colors in S




Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do : forji.l(:)))é(_vwfio
Colorful Paths ;... L | e 7 P o) i hr o) ¢
. a | COLORFUL(G,1); 4 ora i—1\L) SUCh thaty v. o
Algorithm s rotrn U By o(0) £ 8 s | | [ P) < P@) U{RU {y()});
P3
>3 (1) {{1,2,3,4}} \
P3(2)
P3(3) 5
P3(4)
P3(5)
P2
P3(6) P, (1) {1,2,°} e 6
P3(7) P2(2) {1,2, 21
P2 (3) )
P2 (4) {2, 2,4}
color sets S s.t [S| = i+1 and there is a P2(5) .2, °H
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 9 Y e (2,4 S

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
) (@ 2 | Biv) <0
Colorful Paths ;Lo | EnzNow0
. . COLO (G, 1): 4 ora € I;_1(x) such that y(v o
Algorlthm : rlgturnLUIzZtka_l(v) 20 5 i L P;(v) « P;(v) U{RU {v(v)}};
P3
3 (1) {{1,2,3,4% \
3 (2) {{1,2,°,4}}
P3(3) 5
P3(4)
P3(5)
P2
P3(6) P, (1) {1,2,°} e 6
P3(7) P2(2) {1,2, 2}
P2 (3) &
P2 (4) {2, 2,4}
color sets S s.t [S| = i+1 and there is a E”' (Z) . ;' i
colorful path of length i ending at v only P2E7; T Y 2,53,4

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

P3
3 (1) {{1.,2,°,4}}
3 (2) {{1.2,°,4}}
P3(3) 5
?3 (4)
P3(5)
P2
3 (6) P2(1) 6
P3(7) P2(2) {.2,°8
P2(3) %,
P2 (4) {2,2, 48
color sets S s.t [S| = i+1 and there is a P2(5) .2, o4
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 g Y P2(7) {2, 2,4} ’ ’ ’

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

Ps3
)| ({1,240
3(2) {{1.2,°,4}}
P3(3) % 5
P3(4)
P3(5)
P2
3 (6) P2 (1) 6
P3(7) P2(2) {.2,°8
P2(3) %,
P2 (4) {2,2, 4%
color sets S s.t |S| = i+1 and there is a P2(5) {2, o3
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 g Y P2(7) {2, 2,4} ’ ’ ’

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

Ps3
)| ({1,240
3(2) {{1.2,°,4}}
P3(3) % 5
P3(4)
P3(5)
P2
3 (6) P2 (1) 6
P3(7) P2(2) {.2,°8
P2(3) %,
P2 (4) {2,2, 4%
color sets S s.t |S| = i+1 and there is a P2(5) {2, o3
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 g Y P2(7) {2, 2,4} ’ ’ ’

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

Ps3
)| ({1,240
3(2) {{1.2,°,4}}
P3(3) % 5
P3(4) 2,
P3(5)
P2
3 (6) P2 (1) 6
P3(7) P2(2) {.2,°8
P2(3) %,
P2 (4) {2,2, 4%
color sets S s.t |S| = i+1 and there is a P2(5) {2, o3
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 g Y P2(7) {2, 2,4} ’ ’ ’

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

P3

>3 (1) {{1,2,°,4}}
°3(2) {{1,2,°,4}}
P3(3) %
P3(4) %
P3(5)
P2
P3(6) P, (1) {1,2,28 6
P3(7) P2(2) {1,2, 31
P2 (3) D
P2 (4) {{2, 2,4}
color sets S s.t [S| = i+1 and there is a P2(5) i, 2,
colorful path of length i ending at v only i) 2 Yy 1 92 4
P2(7) {2,341 re

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

P3

3 (1) {{1,2,°,4}}
3 (2) {{1,2,°,4}}
P3(3) %
P3(4) %
P3(5) %,
P2
P3(6) P, (1) {1,2, 8 6
P3(7) P2(2) {1,2, 1
P2 (3) &
P2 (4) {2, 2, 4}}
color sets S s.t [S| = i+1 and there is a P2(5) tl, 2, 5
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 9 Y e (2,4 S

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1 forall v € V do

\ " D)1 2 | Pi(v) < 0;
Colorful Paths ;.7 ey
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return |J, ., Pi_1(v) # 0; L

P3
3 (1) {{1,2,°,4}}
3 (2) {{1,2,°,4}}
P3(3) % 0
P3(4) %
P3(5) %,
P2
P3(6) P, (1) {1,2,8
P35 (7) P2(2) {,2, 38
P2 (3) &
P2 (4) {{2, 2, 4}}
color sets S s.t [S| = i+1 and there is a P2(5) tl, 2, 5
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 9 Y e (2,4 S

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

P3
>3 (1) {{1,2,°,4}}
3 (2) {{1,2,°,4}}
P3(3) % 0
P3(4) %
P3(5) %,
P2
P3(6) Z P, (1) {1,2, 8
P3(7) P2(2) {1,2, 1
P2 (3) &
P2 (4) {2, 2, 4}}
color sets S s.t [S| = i+1 and there is a P2(5) tl, 2, 5
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 9 Y e (2,4 S

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )

1 forall v € V do
1 forall v € V do .
2 | Polw)  {{1(0)}): 2 | Bv) b
O Or u a S 3 fori=1tok—1do > for?.llxlleg(v})do() b th (v)¢ Rd
. . C G.i): 4 ora € I;_1(x) such that y(v o
Algorithm L CotormuL@i s | | | P() « P@U{RU{H©));
5 return UUEVPk—l(v);éQ? L

P3
>3 (1) {{1,2,°,4}}
3 (2) {{1,2,°,4}}
P3(3) % 0
P3(4) %
P3(5) %,
P2
P3(6) Z P, (1) {1,2, 8 6
P3(7) P2(2) {1,2, 1
P2 (3) &
P2 (4) {2, 2, 4}}
color sets S s.t [S| = i+1 and there is a P2(5) tl, 2, 5
colorful path of length i ending at v onl F2(0) 2 Y 1 2 4
P 9 9 Y e (2,4 S

using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forallxeN(v)do
5

forall v € V do

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

Ps3
P3 (1) {{1,2,°,4}}
P3(2) {{1,2,5,4}}
P3(3) 0 S
P3(4) 0
P3(5) %
o 2 turns true | °
o 12340 returns true !

color sets S s.t [S| = i+1 and there is a

colorful path of length i ending at v only Y 2,53,4
using the colors in S



Algorithm 1: COLORFUL(G, 1)

Algorithm 2: RAINBOW(G, )
1 forall v € V do

1
P;(v) « 0;
2 | Po(v) « {{r(v)}}; 2 i ,
g fori=1tok—1do i forall:ceN(v)do
5

forall v € V do

Colorful Paths f
1+ | COLORFUL(G, i); orall R € P,_,(z) such that y(v) ¢ R do

Algorithm s ot U B (o) # b | P « R) U{RU (1)}

s 7
3 (1) {{1,2,°,4}}
>3 (2) {1,2,°,4}) O
P3(3) Z >
P3(4) Z
P3(5) Z
29) ° returns true ! °
3 (7) {{1,2,°,4}}
given: Agraph G = (V,E)
CO|OI’ SetS S S.t |S‘ - i+1 and there is 3 A coloring of its vertices with k colors y : V — [k]
- . to find: Does there exist a colorful path of length k — 1 in a randomly colored
COIOI’fUl path Of Iength | end|ng at V Only graph ?  apath is colorful if all of the vertices in the path have a different color 1 2 4
3 colorful path of length k — 1 \gpk_,(v);e@ Y 4 Y 4 /

using the colors in S



Colorful Paths

Algorithm + Probability

Algorithm 1: COLORFUL(G, 1)

(G a «y-colored graph

1 forall v € V do

2 Pz-(v) — 0;

3 forall z € N(v) do
4

5

| Pi(v) « P.(v) U{RU {7(v)}};

L forall R € P,_,(x) such that y(v) ¢ R do

Algorithm 2: RAINBOW(G, %)

(G a graph, v a k-coloring

1 forall v € V do

2 | Po(v) < {{n(v)}};
3 fori=1tok—1do
a | COLORFUL(G,i);

s return J, .\ Pr—1(v) # 0;

given: Agraph G = (V,E)
A coloring of its vertices with k colors y : V — [k]

tofind: Does there exist a colorful path of length kK — 1 in a randomly colored

g raph ?  Apathis colorful if all of the vertices in the path have a different color

3 colorful path of lengthk -1 < UPk_,(v) #* QO

veV

02" - k- m)

Satz 3.2

Let G be a graph that contains a path of length k — 1.

1. A random coloring of the graph using k colors produces a colorful path of length k — 1 with
probability at least

> > gk

|
Dsuccess = ﬁ =

2. If we repeat the coloring process multiple times, then the expected number of repetitions needed
until success is at most

1
< e

Satz 3.3 Pouccess

1. The full randomized algorithm (including repetitions) has a runtime of
O(X- (2e)F - km)
where XA > 1 is a tunable parameter (confidence level).

2. If the algorithm answers YES, then the graph does contain a path of length k& — 1.

3. If the graph does contain a path of length k£ — 1, then the probability that the algorithm answers NO
is at most
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Helper

Mathematical Tools and Notations
=1{1,2,...,n}

= the set of sequences over [n] of length k

= the set of k-element subsets of [n]

The k nodes on a path of length kK — 1 can be colored using [k] in exactly =~ ways

of these colorings use each color exactly once



Helper

Mathematical Tools and Notations

Handshaking lemma : For all graphs , it holds that ) deg(v) = 2| E| |

veV

It you repeat an experiment with success probability p until success, then the

1

expected number of trialsis —  ( )
P



Helper

Mathematical Tools and Notations

For c,n € R™, it holds that

plogn — ylog2 — 1 ang 2000en) — 1, 0D ig glways polynomial in 7

Forn € N, it holds that

Forn € N, it holds that



