Math Bosis
L Induuckon
> LDDP—-QQLHVMfs

- nadve divide -codefues ) tnduuainaR.
o Low\pko.xt‘\tj

NMox - Subcwaq -

Seardns

L L\near Sescn
> BMQEﬁ Seoc\n
L douwes - Bouad

Sors < AzD , Qnortest Fatns

- Ruooa. Qark U Quidksort — —

- Selechen Sort (- Reopsact ore - to - all oll-to- all

- Inserhon Sort ) i =

L'P W\QT80_ Sos—~ w e %Qm L_]» BES UBQ&Q G OY\Q"‘”O—&“ LLS(SG
' 'DQ\LS‘VFO\ = HOSﬂ—\X)OxS‘(\o\\\
s Bellman- fod Ly Johnson

Data Structues

(> M&O&\‘N@— closed W . Aaection L.p> #wales US\Y\\% h\@l

U> Aray G Trees (BT :
(> st (Loked {Doudﬁ\ (et ree. Ly overview
| NI
s Fbonacc! (- Soser Somn «
(> MNoX -Su -Som > napsace L> Peim
Ly Turnp- Gome- > Longest #% N > Boruulca
L Longegt - Common —~ Su\oseq- &abseq -

o Bdn - Drstencs N Vrusleal


Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer


Math Bosis
3 Induuchon
> LDDP — QQU\hV\a


Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer


N@ o notural nambers  with O

Definition 1 (O-Notation). For f : N — R™,

O(f) ={9g: N->R"|3C>0¥ne Ng(n) <C- f(n)}.

{n,log(n),/n,log*(n),1,100n%, -}

Theorem 1 (Theorem 1.1 from the script). Let N be an infinite subset of N and f : N — R* and

g:N =R,
. Ifnh_”rgO % =0, then f < O(g), but f # ©(g).
« If lim [ = C € RY, then f = ©(g).
« If lim [0 = oo, then f > Q(g), but f # ©(g).

Theorem 1 (L'Hopital’s rule). Assume that functions f : Rt — RT andg : RY — R are differentiable,
Ill_)I‘[;Qf(T) = 1131;9(1’) = oo and for allz € RT, ¢'(x) # 0. Q‘Ilirr;o!f;,éi)) =CeR{ orl‘li_lgcjgc,((z; = 00,
then ,

fl@) . f(2)

lim ——= = lim = .

Definition 1 (Q-Notation). For f : N' = R*,
Qf) ={g:N>R"| f<O(9)}
We write g > Q(f) instead of g € Q(f)
Definition 2 (©-Notation). For f : N — R¥,
O(f):={9: N > R" g <O(f) and f < O(9)}

We write g = ©(f) instead of g € ©(f).

In other words, for two functions f,g : N — R we have

9>9(f)« f<0(9)

and
9=6(f) & g < O(f) and f < O(9)

Cim o < 'OSUOB(H)) < \og(n’) < fn <N < ﬂ]O\(j(rﬂ < r\’{_h— <

n-o00

nin+1)

2

nin+1)(2n + 1) Q
— 2

>

\%

S
>
s

On)
N> QW)

51
N

ann = B alal) ]

= nlan < O(n!) A Dlnn > Q (nl)

0 S

i) - { ick:
ex (tridd ( more for O Nohxhon) tricle: "l m Gy oo InG) - 100
. n X = (e 3 = e
tim 2" < nl

n=c0

lg(a") < log (0} = log(2:3 ..M
n. |03(2\ < IogHH- IOSQ\’r L+ ioa(rﬂ

Q)(Q’\’ick\:
o comal apply  &/Hopira) 2
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» Converting exponentials from base b to base e

Q3: How do we convert b* to el*omhine)?

A3: Using b = e™® we have the conversion formula: | b* = (1 I“")'r = e(inb)z .

w_ (e oAy o nl) - 100
Example 3‘ Rewrite /7 as an exponential with base e. * ~ - e

Why do the bases of log don’t matter for the asymptotic growth?

« The general idea is that different bases for the logarithm change the function
only by a constant

« The log_a(n) and log_b(n) are within constant factors of each other
« So they don't change the asymptotic behavior

« If they're not used as an exponent or so (But there ~3 and *4 are also
different)

« Why exactly ?
_ log,(z)
log, (b)

« Changing the base log, ()

~NoUx e “‘r‘oJ

o

=1\

€ a) (nLH)

nnn = B nlal) )

= h-lnn < O(nl\ n D-lnn Z_ELLOO

log,(bc) = log,(b)+log,(c)
log,(b°) = clog,(b)
log,(1/b) = —log,(b)
log,(1) = 0
log,(a) = 1 logd a
g lo") = »r logb a= @
l()gll‘,” (b) = —log,(b)
log,(b)log,(c) = log,(c)
1
logy(a) = oz, (0)
log.w(@®) = l m # 0
m

« log for loga(x)

« In for loge(x)
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Theorem

Master theorem. The following theorem is very useful for running-time analysis of divide-and-
conquer algorithms.

Theorem 1 (master theorem). Let a,C' > 0 and b > 0 be constants and T : N — R* a function such

that for all evenn € N,
T(n) < aT(n/2) + Cn. (1)

Then foralln = 2K, k € N,

« Ifb > logy a, T(n) < O(n®).

« Ifb=logy a, T(n) < O(n'%2° - logn).!
)

If the function T is increasing, then the condition n = 2" can be dropped. If (1) holds with “=", then we
may replace O with © in the conclusion.

« Ifb < logya, T(n) < O(n'o%2

This generalizes some results that you have already seen in this course. For example, the (worst-case)
running time of Karatsuba’s algorithm satisfies 7'(n) < 37T(n/2) + 100n, so we have a = 3 and
b=1 < log, 3, hence T(n) < O(n'*%23). Another example is binary search: its running time satisfies
T(n) < T(n/2) + 100,50 a = 1 and b = 0 = log, 1, hence T'(n) < O(logn).

Either won't be used, or will be written in the task description

Exercise 3.3 Counting function calls in loops (1 point).

For each of the following code snippets, compute the number of calls to f as a function of n € N.
Provide both the exact number of calls and a maximally simplified asymptotic bound in © notation.

Algorithm 1
@ i+0

while i < n do
10
10
Rt 1

j+«0

while j < 2n do
10
Wl

n an
21 + Z‘I = (N-0+1)-2 + (2n-0 +()- |

i=0 ;‘-o
= 2n+2+2n+l =4n+3
Algorithm 2
(b) i1
while i < n do
je1
while j < i* do
10
L f e !
ie—i+1
n_ £1S n n i 1
- b DN D AR AL
i=l J=1 =1 i=1 Y
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(R+D(ks2) (eal) (et
S u
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(usually) By the principle of mathematical induction, this is true for any positive

integer n

Exercise 3.3  Counting function calls in loops (1 point).

For each of the following code snippets, compute the number of calls to f as a function of n € N.
Provide both the exact number of calls and a maximally simplified asymptotic bound in © notation.

Algorithm 1
(@ i<0

while i < ndo  Solution:
r8 ‘This algorithm performs Y7 g 2+ 337, 1 = 2(n+ 1) + (20 + 1) = 4n.+ 3 = O(n) calls to f.
f
iei+1

Jj«0

while j < 2 do
10

jei+l

Algorithm 2
(b) i+1

while i < 1 do Solution:
2 2
\]v}:li j<ido This algorithm performs 7, % = % = O(n?) calls to /.
10
J+4+1
i—i+1

Algorithm 4

@ i1
while i < n do Solution:
ivhi’lze % < ndo If i < |logy n ], the inner loop performs ZJU}‘ nly = |logon| —i+1callsto f.Ifi > |logy n], it
10 performs none. The full algorithm thus performs szofz n ([logyn] —i+1) = [logyn|(|logy n|+
Je gt 1)/2 = ©((logn)?) calls to f.
Qi1

Hint: To find the asymptotic bound, it might be helpful to consider n. of the form n = 2¥.

Algorithm 5
(b)  function A(n)
i+ 0 You may assume that the function 7' : N — R* denoting the number of calls of the algorithm to f
while i < n? do is increasing.
jen Hint: To deal with the recursion in the algorithm, you can use the master theorem.
hile j > 0 do
W ; ()*’ Solution:
70 Given i, the innermost loop performs 37, 2 = 2n calls to f. Hence, the second loop (guarded by
jegi—1 i < n?) performs Y751 2n = 2n? calls to f.
ieitl If[5] = 0(ie. n = 1), thenk = 0, so the algorithm makes just 2 calls to f. Thus, we have T(1) = 2.
N Forn > 2, we have k = [ %] > 0 and thus we get the following relation T(n) = 2n® + 8T(| %)).
ko LEJ For even n, this relation is T'(n) = 2n® + 8T'(}). Hence, we can apply the master theorem with
for!=0...3do a=81b=3andC = 2. We get (logy(8) = 3) I'(n) = O(n’log(n)) for any integer n > 2
if k£ > 0 then (we need n > 2 so that log(n) > 0) since T is increasing. In conclusion, the algorithm performs
A(k) O(n®log(n)) calls to the function f.

A(k)

Master theorem. The following theorem is very useful for running-time analysis of divide-and-
conquer algorithms.

Theorem 1 (master theorem). Let a,C' > 0 and b > 0 be constants and T : N — R* a function such
that for all evenn € N,
T(n) < aT(n/2) + Cn®. (1)
Then foralln = 2%,k € N,
« Ifb > logy a, T(n) < O(n®).
« Ifb=logya, T(n) < O(n'°27 . logn).!
« Ifb < logya, T(n) < O(n'82).

If the function T is increasing, then the conditionn = 2* can be dropped. If (1) holds with “=", then we
may replace O with © in the conclusion.

This generalizes some results that you have already seen in this course. For example, the (worst-case)
running time of Karatsuba’s algorithm satisfies T'(n) < 37'(n/2) + 100n, so we have a = 3 and
b =1 < log, 3, hence T'(n) < O(n'°%23). Another example is binary search: its running time satisfies
T(n) <T(n/2)+ 100,50 a =1and b =0 = log, 1, hence T'(n) < O(logn).

Exercise 4.1  Applying the master theorem.
For this exercise, assume that n is a power of two (that is, n = 2%, where k € Ny := N U {0}).
(a) Let T(1) = 1, T(n) = 4T (n/2) + 100n for n > 1. Using the master theorem, show that

T(n) < O(n?).

Solution:

We can apply the master theorem with @ = 4, b = 1 and C = 100. In this case, b < log, a, and
therefore we have T(n) < O(nl°%%) = O(n?).

(b) Let (1) = 5, T(n) = T(n/2) + 3n for n > 1. Using the master theorem, show that

T(n) < O(n).

Solution:

We can apply the master theorem with @ = 1,b = 1 and C = 3. In this case, b > log, a, and
therefore we have T'(n) < O(n’) = O(n).
() Let T(1) = 4, T(n) = 4T (n/2) + §n? for n > 1. Using the master theorem, show that

T(n) < O(nlogn).

Solution:

We can apply the master theorem with @ = 4, b = 2 and C' = 1. In this case, b = log, a, and
therefore we have T(n) < O(n'°%2¢ - logn) = O(n2logn).
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Binary Search/V cortiort 3

terativ

BINARY-SEARCH(A = (A[1],..., A[n]),b)

1 left « 1; right < n

2 while left < right do

3 middle « | (left+right)/2|

4 if A[middle] = b then return middle

5 else if A[middle] > b then right + middle—1
6 else left < middle+1
7

return “Nicht vorhanden”

> Initialer Suchbereich

> Element gefunden
> Suche links weiter

> Suche rechts weiter

Tl e Ollogn)

T(n) =

falls n = 0 ist,
T(n/2)+d fallsn>1 ist,

Tl : Asotirb [ AL 2AD % ¢ ALn]

orth : Romar [£Am]] \/Af'nﬂ

Binary Search (4,b) /7 far sotivtis A
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Binary Search

Input : sorted array, searched value

Output : the index of the search value (-1 if not found)

Runtime : O(logn)

T(n) S T(n/2) +d < dlogy(n) +c.

Pseudocode :

BINARE SUCHE ~ BINARY-SEARCH(A[1..n), b)

14+ 1Lren

> Initialer Suchbereich

2 while £ <r do
3 m+ |[(£+7)/2]

4 if A[m] = b then return m
5 else if A[m] > bthenr«m—1
6 else £ < m+1

7 return “Nicht vorhanden”

> Element gefunden
> Suche links weiter
> Suche rechts weiter

Illustration

Code Example

Binary Search
lllustration

Initially ‘ Find Key = 23 using Binary Search

0 1 B 3 a 5 6 7 8 9

arr[] = | 2] 5|8|12|16|23138|56|72|9||

Key is less than the current mid 56.
s‘ep 2 The search space moves to the left.
Key
antl= [+ s ] s [T [s[ ]

High=9
What's \eh to search

If the key matches the value of the mid element,

Step 3

Step1 Key (i.e, 23) is greater than current mid element the element is found and stop search.
P (i.e. 16). The search space moves to the right.
Key
Key
® = Found! @
5

0
D m

Low =5 High=9
Mid = §

arr[] = , } ’

arr[] = | 2| 5] a||2 16|23|38|5s|72|91
= e e

———

What's left to search

Linear Search

QWA A picht sortat

AMponthmw 4 ( Linggre Juche) -

D A RARE

o o=1.-mn

i ALCT = : attwm i
Wm,,m’&%%/twmi/
Laufpit Olm,)

Al1... nMrm;

Linear Search

Input : unsorted array , searched value
Output : the index of the search value (-1 if not found)

Runtime: O(n)

Pseudocode :

LINEAR-SEARCH(A[L..n], b)

1 forie1,2,...,ndo
2 if Ali] = b then return i
3 return “nicht gefunden”

7

Find 20"
lllustration
Code Example 10 30|70 | 80 ‘ 60 | 20

20

40

? 2?22?27 70
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Bubble Sort

bubbles going up to the surface

Bubtt, ot (4) - L
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tawhe A) 0 Jumd ALit4T]
Bubble Sort ¥

Input : unsorted array ~ Output : sorted array

Runtime: O(n2) #Comparisons: O(n2)

#Swaps: O(n?)

Pseudocode :  Algorithm 1 Bubble Sort (input: array A[1 ... 7)).
forj=1,...n do
fori=1,...,n—1do

if Ali] > Ali + 1] then
Swap Ali] and Afi +1]

i1 j=2 198 J=F
Bupil: §3714 35147 Spesr W57
3T 7214 35142 13457 13457
IS ZEAYE  318¥F 3¢5 134S7
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Selection Sort select the largest, put to the pos
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Selection Sort

Input : unsorted array ~ Output : sorted array
Runtime: O(n2) #Comparisons: O(n2)

#Swaps: O(n)

Pseudocode : SELECTION-SORT(A[L.n])

1forjenn—1,.., 1do
2k Index des Maximums in A[L,..., ]
3 tausche A[K] und A[j]

Pupd - 63%%! T (o)
gﬁa_bm L ¢
1 34%IS# T2
1316 7 T icy
A [iFFHSIF T %)
J1-3- 457 T (%) =) otet

insert next to the correct position, "verschiebe" rest

Insertion Sort
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Insertion Sort ¢

Input : unsorted array ~ Output : sorted array

Runtime: O(n?) #Comparisons: O(nlogn) ~__
—
#Swaps: O(n?) e
_ Kcan be found with binary search
,//
Pseudocode : Fre———T E—

Hlustration

5R F4#1 T
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3 &5 21 T Cy)

f 3452l T (S) =) Sortont

daafu O™y Ulglichy w11 - o)
OCn) Uzﬂwsmym e Loy by Bk

(3] [0 5[ 2] > [23] 2 [10] 5] 2]

| FirstPass | 423[1[10]5[2]>[1[23]10]5 2]
A

[SecondPass| [1423]10]5[2]>[1[10]23][5[2] Sorted part
T

[ ThirdPass | [1410[23]5[2]=>[1[5 [10]23]2]

[FourthPass | [ 145 [10[23]2|>[1]2 ][5 [10]23]

Correct pos
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Merge Sort  Divide and conquer
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Merge Sort

Input : unsorted array

Runtime: O(nlogn)

Pseudocode :

Q

Output : sorted array

#Comparisons: O(nlogn)

#Swaps: O(nlogn)

MERGE(A[1..n),1,

m,r)

1 B « new Array with r — [ + 1 cells
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Quicksort ’PIVOT

4)%%%%%,0 (" Qotymint 2.8 p=Al1)

2) Fomd M%}bﬂm/fm}o e it
3)% <pmw{4/n¢a/) "_,_)
%)fmmmmmwu ““SP P
Verschmhon, mcht nolwendiy
Wbt . Wikly Fooot,2.8. p=ALY]
i ,,/\) /’D
[3B8 5 1 23l
Vit &2 o L%MWMJMM

Fa@s@;ﬂm Dio vt i, S sum, Tewrhiem: Jumdn
S AR S LS
touihe i
32158 76 !
¢/4¢L/¢/Jm5m(afwmb>ﬂ ]
fmﬁ}wémm}mb’ﬁd

XMW'-WM% hangt e o7, wo i, lomdek
qts [ Tol 1 Tn)e2TC % nen 0bntyn)
chtoht: M T(n)=Tln-1)tcn 2 O nY)

Quicd Sot( A, 0r)  J sockiere AL
W‘f e
(A,L,7) J saumt A
e A—( AL e,

QuASACALKY) AT = ALK] Yar c- ks

kSt (A 1)
Wu{%j/m [/4 L) Vh<r WWW £Olr-A) <0k,
\} = 'r_/[ ,\,}"ﬂ w ) w,; oA o 0 )
P:: AIT] Wwe i ; L "/I’ v My v'.‘/‘/r"‘r"f/"'} m Al Lovlint
whil't <7 omd. AC ]é oo w-m// R
whils J 2[ /4 1> o{g‘\J J ,\—— bmkﬁé‘*
¢L<d townh ALc J ,4[]:] Sehorcde-

faw/m /m Init AT] /e tnde. ink C olis vightige Al fit it

—s oLE)SU\%; P 1 ondomisiert wahlan

Quick Sort ¥

Output : sorted array

Pivot...Pivot! PIVAAT!
Input : unsorted array

Runtime: Depends on the pivot !

when the pivot element divides the array into two equal halves : O(n|og n)
when the smallest or largest element is always chosen as the pivot : O( 2)
(e.g., sorted arrays). n
Pseudocode :
lllustration

Here, we have represented the recursive call after each partitioning step of the array.

4312 [s]9 7 [10]6]

pivot

pivot
6] 71009

L1243 ]

| —— -

ivot pivot pivot

1 3 | 4 7 [ 9] 10
) e e

ivot pivot pivot
(<] ] [

Heapsort

HM/LSM (A)

4En impt (H,ALE])
/m w1 ALC] < GtomotMax (H)
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Heap Sort £

Input : unsorted array ~ Output : sorted array
Runtime: O(nlogn)

Pseudocode :

HEAPSORT(A[1..n])

1 H « Heapify(A) > Wandle Array in Heap

um.
> Entferne Elemente aus

2forie—nn-—1,..., 1 do
Heap

3 Ali] + ExtractMax(H)
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Exercise 5.1

Sorting algorithms.

Below you see four sequences of snapshots, each obtained in consecutive steps of the execution of

| N one of the following algorithms: IanSort, SelectionSort, QuickSort, MergeSort, and
F W W %‘;"‘;) platy ";j‘/fﬂ BubbleSort. For each sequence, write down the corresponding algorithm.
Buttts n n
sutmsat Ol OCw) Q1 ratton Sort Buse Sor
; n) > %) 36 5 1 2 4 8 7 36 5 1 2 8 7
WMW 0(02%7 O(%)
Moy St O Cndngn)  OCnlyn) >Oln) ﬂ’d 306 5 1 2 4 8 7 3 5 1 2 4 7 8
o, i ' 35612 4 8 7 312 456 7 8
P " M Merpe Sor+ :
_ Aol S W ) Selection. So
E/WW: dotrion &k fgm, umd hew 306501214187 36 5 1 2 4 8 7
Mow ot il rvte aer Aompllint 3 6(1 5|2 4(7 8 3 6 5 1 2 7 8
1 3 5 6|2 4 7 8 8 6 5 1 2 78
Algorithmus  Vergleiche Bewegungen Extr. Platz Lokalitét
Bubble-Sort O(n?) O(n?) 0(1) gut
Selection-Sort O(n?) O(n) 0(1) gut
Insertion-Sort O(nlogn) O(n?) 0(1) gut
Mergesort  O(nlogn) O(nlogn) O(n) gut
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Search Trees Heap Tree AVL Tree is o BST
BST /< ;\ If A is the parent of B, then val(A) < val(B) It's guaranteed that the tree is balanced

- . .
Sudho 3 A (binary min-heaps)
W CLUNL Esob“ g L g T { 9_ Figure 358 Example of o-based l’leap Balance factor
Ti< x<T, T<X < 0
! 2 7 We define the following quantities:
1 2 : .
W % X P) / M in Gl W)vﬂ/r)o » depth(v) = distance of v to root (along unique path)

ZZZ‘)« o, —W ; 1) 3 151 * height(T) = max,ey depth(v) + 1

K% X p éﬁ ) ~ h( h'\ Then, to each node v, we can assign a number b called the balance factor:
ﬂéﬂ ‘SM/’M/[X/ 2n+1) (2042 k . .
/ b(v) := height(v.R) — height(v.L)

Tt () : %%WW Il i Implementation k» should be in range { -1, 0)4 '3
: Gefundor

The most common implementation involves an array (of fixed or dynamic size). Assuming a o-based array (cf.

figure above), the children of node n are 2n + 1 and 2n + 2 and the parent of node k is node L%J . Figure 3.2: All possible rotations and their next state
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BST Heap (here : Maxheap) AVI- Tree condition

Terminology Terminology
/@ AVL tree is a self-balancing BST where the difference between heights

P " of left and right subtrees cannot be more than one for all nodes.
G) (10

TR g

/ / Lt \
{ ) » w Last leaf T
@ & S 3 o
P NULL NULL _1-1 T v hy X)

Root Node: The topmost node of the heap. Holds the maximum element !

Root Node: The topmost node of the heap. Holds the maximum element !

Parent Node: A node that has one or more child nodes. Level: The depth or layer of the node,
) Level: The depth or layer of the node, Subinse tha ot T et Tacel O, o T 35 G0 i P I hy (x Y- h (X) | L 4‘
Parent Node: A node that has one or more child nodes. where the root is at level 0. Child Node: A node directly connected to another node when moving away from the root. 1 2 t i
. Height: The longest path from the root
Child Node: A node directly connected to another node when moving away from the root. Height: The longest path from the root Leaf Node: A node with no children (located at the bottom level). node to a leaf.
node to a leaf.
Leaf Node: A node with no children (located at the bottom level). Sibling Nodes: Nodes that share the same parent. — e Cond
Height of the root =1
Sibling Nodes: Nodes that share the same parent. AVL Tree . AVL Tr_ee
LL - Rotation e . LR - Rotation
BST Condition H Conditi
eap Condition w0 5 - &
Each node in a BST has at most two children, left child and a right child, with (2] h oI\ — (3)

the left child containing values the parent node a.nd the right child F:ontaining thh o th th AAQK A h A h

values greater than the parent.node. For every node n in the heap, the value of the balanced
parent is greater than or equal to the value of n

balanced

® . AVLTree £

P val(n) 2 val(children(n) for all n ot e

/‘—\ T Ao ~ RR © - (2) -
(2)
) — (3)
T<Xx<T, H AAB AhAh Ah
€aP (here : Maxheap) Heap Condition : val(n) = val(children(n) i
ExtractMax()
Max is at the root !
BST Condition : /@\ h TS [5atI6at
BST 1. Swap the root with the last lea
Search(x) A A 2. Swap the parent that does not satisfy the heap condition with the bigger
—— child !

We use the BST condition ) o o
3. Repeat 2 until every node satisfies the heap condition !

1. If curr==null, you're at the leaf and you haven’t found x. Your search is
done

If curr ==x, you've found x !!
If curr < key , search the right subtree

If curr > key , search the left subtree

g > 0N

Repeat 3 and 4 starting from the root until you have one of the cases 1
and 2

Heap (here : Maxheap) Heap Condition : val(n) > val(children(n)
insert()

BST Condition : ®
A

BST s 1. Place the node to the last free position

remove(x) 2. Swap the node with the parent, if it doesn't satisfy the heap condition
KD 3. Repeat 2 until every node satisfies the heap condition !
Case 1: x has no children Case 2: x has 1 child Case 3 : x has 2 children
L L L ’ —_—
VAR s /N Creating a heap means inserting one by one
25 2 (§ @ 5
) \ ) N 4 N
™) 3 3 13 3 13 3
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HaupT-
REIHENFOLGE
PREORDER

NEBEN-
REIHENFOLGE
POSTORDER

SYMMETRISCHE
REIHENFOLGE
INORDER

Durchlaufordnungen fiir Baume Sei T ein binédrer Suchbaum mit der Wurzel v,
dem linken Teilbaum 7;(v) und dem rechten Teilbaum 7} (v). Wir kénnen die Knoten
von T auf verschiedene Arten durchlaufen:

e In der Hauptreihenfolge (engl. Preorder) wird zunichst der in v gespeicherte
Schliissel ausgegeben. Danach wird zuerst rekursiv mit 7j(v) fortgefahren und
anschliessend rekursiv 7;(v) verarbeitet.

e In der Nebenreihenfolge (engl. Postorder) wird zunéchst Tj(v) rekursiv ver-
arbeitet und danach T (v). Schliesslich wird der in v gespeicherte Schliissel
ausgegeben.

e In der symmetrischen Reihenfolge (engl. Inorder) wird zunéchst Tj(v) rekursiv
besucht, danach der in v gespeicherte Schliissel ausgegeben und schliesslich
T, (v) rekursiv besucht. Da alle Schliissel in 7;(v) kleiner und alle Schliissel in
T,(v) grosser sind als der in v gespeicherte Schliissel, gibt die symmetrische
Reihenfolge die in T' gespeicherten Schliissel in sortierter Reihenfolge aus.

Beispiel Die Knoten des bindren Suchbaums aus Abbildung 4.13 werden in den
folgenden Reihenfolgen durchlaufen:

e 7,5,10,8,9,11,15 bei Verwendung der Hauptreihenfolge,
e 59,815 11,10,7 bei Verwendung der Nebenreihenfolge,

e 5,7,8,9,10,11,15 bei Verwendung der symmetrischen Reihenfolge.

Mindestololaohl:

Jeder bindre Suchbaum (und damit auch jeder AVL-Baum), der n

Schlilssel speichert, hat genau n + 1 Blatter

MinpesT-  Verankerung I (AVL-Béume mit Hohe h = 1): Es gibt nur einen AVL-Baum mit Ho-
BLATTZAHL he 1, ndmlich denjenigen, der genau einen Schliissel speichert und zwei Blétter
besitzt (siche Abbildung 4.18(a)). Die Mindestblattzahl eines AVL-Baums mit

Hohe 1 betréigt daher MB(1) = 2.

Verankerung II (AVL-Béume mit Hohe h = 2): Es gibt genau drei AVL-Béume mit
Hohe 2. Zwei davon verwalten genau zwei Schliissel, von denen einer in der
‘Wurzel des Baums und der andere im linken bzw. im rechten Nachfolger der

Y /x /,\ o
£ o N
K
o
(a) (b) (c)

Abb. 4.18 Dasich bei AVL-Biiumen die Hohen der Teilbiume um maximal 1 unterschei-

Waurzel gespeichert ist (siehe Abbildung 4.18(b)). Ausserdem gibt es noch einen den diirfen, sind (a) und (b) Beispiele fiir AVL-Biume, (c) hingegen nicht

Baum mit einer Wurzel und jeweils genau einem linken und einem rechten
Nachfolger. Da jeder dieser Béume mindestens drei Blitter hat, betrigt die
Mindestblattzahl eines AVL-Baums mit Hohe 2 genau M B(2) = 3.

Rekursion (AVL-Béume mit Hhe h > 3): Betrachte einen beliebigen AVL-Baum mit
Hohe h. Dieser besteht aus einem Wurzelknoten v mit einem linken Teilbaum
Ti(v) und einem rechten Teilbaum 75 (v) (siche Abbildung 4.17). Die Hohe
dieser Teilbiume ist hochstens h — 1. Mindestens einer der Teilbiume muss
Hohe h — 1 haben (hiitten beide eine Hohe strikt kleiner als h — 1, dann wiire
die Hohe des gesamten Baums strikt kleiner als k). Der andere Teilbaum hat
entweder Hohe i — 1, oder Hohe h — 2, denn geméss AVL-Bedingung diirfen
sich die Hohen der Teilba hochstens um 1 unterscheiden. Da wir die Min-
destblattzahl untersuchen, nehmen wir an, der andere Teilbaum hitte Hohe
h—2 (denn ein Baum mit Héhe h— 1 hat mit Sicherheit nicht weniger Blétter
als ein Baum mit Héhe h — 2). Die Anzahl der Blitter des gesamten Baums
ist nun die Summe der Blattanzahlen in den beiden Teilbdumen. Es gilt also
MB(h) = MB(h—1)+ MB(h - 2).

Die Rekursionsformel fiir die Mindestblattzahl erinnert an die der Fibonacci-Zahlen.

Diese waren als

Fi:=1, Fy:=1, Fy:=F, 1+ Fofirh>3 (105)

definiert. Damit gilt offenbar die Beziehung M B(h) = Fj,;5, und man kann zeigen,
dass MB(h) € (E)((HQﬁ)h) C Q(1.6") gilt. Ein AVL-Baum mit Hohe h hat also
mindestens 1.6" viele Bliitter, d.h., mindestens 1.6" — 1 viele Schliissel. Im Um-
kehrschluss bedeutet dies, dass die Héhe eines AVL-Baums mit n Schliisseln durch
1.441og, n nach oben beschrénkt ist, also wie gehofft tatséchlich nur logarithmisch
in der Anzahl der Schliissel n ist. Das heisst also, ein AVL-Baum ist nur héchstens
44% hoher als ein perfekt balancierter Bindrbaum!

INSert ?u\ge e we en nonvalen

ST

chedt the nodes, fof RVL—%@@MM

Die AVL-Bedingung kann hochstens bei den Knoten auf dem Weg

Zusammenfassung und Ausblick Sei 7' ein bindrer Suchbaum mit Héhe h, der n
Schliissel verwaltet. Binéire Suchbdume implementieren die Woérterbuchoperationen
in Zeit O(h). Ausserdem werden eine Reihe weiterer Operationen unterstiitzt, zum

Beispiel:

e MIN(T): Liefert den Schliissel aus T mit minimalem Wert zuriick. Diese Ope- MINIMALER
ration kann in Zeit O(h) realisiert werden, indem ausgehend von der Wurzel ~SCHLUSSEL
von T so lange dem linken Nachfolgerknoten gefolgt wird, bis dieser ein Blatt
als linken Nachfolger besitzt.

EXTRACT-MIN(T): Sucht und entfernt den Schliissel mit minimalem Wert MINIMUM
aus T. Auch diese Operation kann in Zeit O(h) durchgefiihrt werden. EXTRAHIEREN
L1sT(T): Liefert eine sortierte Liste der in T gespeicherten Schliissel zuriick. SCHLUSSEL
Diese Funktion wird von einem Durchlauf in symmetrischer Reihenfolge in Zeit ~AUSGEBEN
O(n) realisiert.

JOIN(T1,T»): Seien Ty und T zwei Suchbidume zu den disjunkten Schliissel- VEREINIGUNG

mengen K; und Ko, und zusétzlich der maximale Wert eines Schliissels in
K1 Kkleiner als der minimale Wert eines Schliissels in Kg. JOIN(TY,T%) berech-
net einen bindren Suchbaum zur Schliisselmenge K1 U Ko. Dazu fiithren wir
zunédchst EXTRACT-MIN(T3) aus, erhalten einen Schliissel k sowie den aus T»
resultierenden Baum T7. Dann erzeugen wir einen neuen Baum, dessen Wurzel
den Schliissel k speichert und die Teilbdume T} sowie Té besitzt. Die Laufzeit
betrigt O(h).

von der Wurzel zum neu eingefligten Schli

ssel verletzt sein. Bei

allen anderen Knoten ist die Balance unverandert, folglich gilt die

AVL-Bedingung nach wie vor.

Wir laufen also vom neu eingefluigten Knoten zur Wurzel hoch und

prufen, ob die AVL-Bedingung noch immer

gilt.
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(b) Consider the following AVL tree.

AVL-Tree  (2ec)

Exercise 5.5  AVL trees (1 point).

(a) Draw the tree obtained by inserting the keys 3, 8, 6, 5, 2, 9, 1 and 0 in this order into an initially
empty AVL tree. Give also all the intermediate states after every insertion and before and after each
rotation that is performed during the process.

Exercise 5.5  AVL trees (1 point).

(a) Draw the tree obtained by inserting the keys 3, 8, 6, 5, 2, 9, 1 and 0 in this order into an initially
empty AVL tree. Give also all the intermediate states after every insertion and before and after each
rotation that is performed during the process.

Draw the tree obtained by deleting 6, 12, 7 and 4 in this order from this tree. Give also all the

Solution:
intermediate states after every deletion and before and after each rotation that is performed during
Insert 3: Insert 8:
the process.
Delete b :
Insert 6:
Insert 5: Insert 2: Delete 12:
Double rotation
Insert 9: Insert 1:
Delete 7:
Insert 0:

Delete 4: Key 4 can either be replaced by its predecessor key, 3, or its successor key, 9. If key 4 is
replaced by its predecessor:

Rotation

If key 4 is replaced by its successor:

Rotation
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Data structure | Search Insert Delete ~
Unsorted Array O(n) O(1) ow) (. _
Sorted Array O(logn) O(n) O(n) onn
Unsorted List O(n) O(1) O(n)
Sorted List O(n) O(n) O(n) -
Unbalanced Tree O(n) O(n) O(n) -
AVL tree O(logn) | O(logn) | O(logn)
Stack Priority Queue
. . ADT Brigritstohtome ( Drionky Cuuons)
= ? 7
— moet, Cx, P) it X Limy
oubraetMox CP) otfome (omd, bidfrs) Maximumy
w B
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+ will be deleted
- B[j] gets inserted after
- will be replaced to match B[j]

Definition of the DP table : DP[il[j] = ED of A[O..i] and B[O..j] DP[O...n][0O...m]
Computation of an entry : the minimum number of edits to convert A[O..i] into B[O..j]

Initialization:  ppP[i][0] =i DP[O][j] = j

Recursion :

) DRI if A[i] == B[j]
DPOI=} o sdedeed
1+ min {DP[i-11[j1, DP[i][j-1], DPLi-11[j1 1} else
delete A[i] replace A[i] with B[j]

Extracting the solution : The solution is at DP[n][m]

|deas q
Longest Common Subsequence v Subset Sum
= . ) ) e}
. Eroblen; C.:leen tw; st;cnngs, A e Problem : Given an array A, check if there’s a subset of A s.t. it's sum is equal to
Maxlmum Su ba rray Sum Qfges oinmoiLetbsedyence A subsequence is a string generated from the original a given number b.
string by deleting O or more characters and without _ . 5] 3
changing the relative order of the remaining characters. Return true if we find I else false I £ %4 =N 3 St eT At'] =b
. . 1
Problem : find the subarray that has the maximum sum
Examples : Inputs : Outputs : Subsequence :
-.Q: “ABC" and “ACD” 2 AC” Examples : Inputs : Output : what’s used
Definition of the DP table : DP[i] = R, ‘AGGTAB” and “GXTXAYB” 4 “GTAB” [1,2,3,4,5] , 1000 False
: = K
A “ABC” and “CBA" 1 “A", “B” or “C” [1,2,3,4,5] ,10 True 2,3,50r1,234
Computation of an entry :
[1.0 True
Initialization:  DP[0] = A[O]
Recursion : DP[i]= max{ai, Ria+ai} e e
New subarray starting with a; Adding ai to the current subarray LongeSt Common SUbsequence :’J;S:‘:gm L ::;::l:‘rm e Su bset Sum
E 3 0
Extracting the solution : The solution is max{ DP[i], 0 } T v
Agmt:  TT-E[ER
DP[O...n][0...m]
Definition of the DP table : DPIi][j] = LCS of A[O..i] and B[O..] DP[O...n][0...S]
Computation of an entry : Definition of the DP table : DP[i][s] = “Can | find a subset sum from A[0...i] that's equal to s
Initialization : ~ DP[O][j]=0 DPI[i][0]=0 Computation of an entry :
Recursion : use them in the subsequence Initialization :  DP[O][O] = True DPJi][0] = True DP[O][s] = False
max { DP[i-1][j-11+1,DP[i-11[j1, DPLil[j-11} if A[i] == B[j] 3
DP[i][i] = RecurS|on : wedontuseiinl
max {DP[i-1][j1, DP[il[j11} else . : - .
don't use Afi] don't use B[j] DP[il[s]= DPLi-11[s] Il DP[i-1][s-Ali]]
Extracting the solution : The solution is at DP[n][m]
Extracting the solution: The solution is at DP[n][S]
@+ Di Knapsack
Jum p Ga me Problem : Given an array where each element represents the max number of Ed It DIStance p
steps that can be made forward from thgt index,find the minimum number of Problem . Given two strings A and B flnd the minimum number Of edits Problem 4
jumps to reach the end of the array starting from index O. 4 . > ’ Given : s '\N@* - Searched: Maximum profit that one can have
(operations) to convert A into B
wi: szM of each frem
Definition of the DP table :  DP[i] = “Minimum number of jumps to reach i” Operations : Replace : Replace a character at any index of A with some other character Py; . Prot¥yi o cach flem
‘ ; i3 Examples : Inputs : Output : Explanation :
insert : Insert any character into A
Computation of an entry : Remove : Remove a character of A W= 0 g: ll_;15| D:E'g:;ll 0 all items are above weight limit
- y
Initialization: DP[0]=0 Examples : Inputs : Output : Operations : _ )
V=5 e=L423] 3 oo {oysnind S0
Q" Recursion : DP[il= min{1+DP[j]| 1<j<i A j+A[jl2i} “SEPERH Bl 1 T w=Cs,5,51 B
“sunday” and “saturday” 3 convert un to atur : V=10 E:’ E;' ;"g% 5 we can pick two items,
Extracting the solution : The solution is at DP[n-1] replace n by rinsert a, insertt e snd we plck 248 =5
Operations:  Replace : Replace a character at any index of A with some other character
Edit Distance Knapsack
G R

DP[O...n][0...W]
Definition of the DP table : DP[i][w] = “Maximum profit from A[0..i] with weight limit w*

Computation of an entry :
Initialization : DP[i][0]=0
Recursion :

we don'tuseiinl

DP[illwl= DPLi-1]lw] Il plil+ DP[i-1]1[ w- w[i] ]

Extracting the solution: The solution is at DP[n][W]
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Consider the recurrence

222
o
o N e

=
8

n-1+ An-3 +24,-4forn > 5.

Compute A, using bottom-up dynamic programming and state the run time of your algorithm.

Address the following aspects in your solution:

(1) Definition of the DP table: What are the dimensions of the table DP|....]? What is the meaning
try?

(2) Computation of an entry: How can an entry be computed from the values of other entries?
Specify the base cases, i, the entries that do not depend on others.

o
have been determined in previous steps?
(8) Extracting the solution: How can the final solution be extracted once the table has been filled?
(5) Run time: What is the run time of your solution?

®

Dimensions of the DP table.:  DPLA...n7
Definition of the. DP table : DPUIT = A for A= zn

Computation of an entry :
Intiodizotion:  DPCIQ=\ , DPC21=2 , DPU3]=3, DPLuU1-Y
Recursion:  DPCL1 = DPL-11 + DPCL-3] + 2-DPTL-u2
for 25
Coleulodion Order :
e coleulote with 03png s now  for (i=4...n)

Extracting Solwion : The result is at: DPLnl

Runfime : Each &ntrg con be computed in: O(4)
We're h\lrnﬂ o TP 4ade of size @ N

So the runkme 15 B

elements aj according to

IC{l,...,n} ;Ja,i =A

i€l

Index-set |

example: Z
a; = A

z'ei A=3
| ={1,2}

sum of the elements a

Longest Increasing Subsequence

Problem : Given array A find the length of the Longest Increasing Subsequence (LIS)

LIS Subsequence
A subsequence is a sequence generated
from the original array by deleting O or more
elements without changing the relative order
of the remaining elements.

The longest possible subsequence in which
the elements of the subsequence are sorted
in increasing order.

Is it a subsequence ?
(15,71
[37] []
[1:7:51

A[1,3,57]

Longest Increasing Subsequence §

Problem : Given array A find the length of the Longest Increasing Subsequence (LIS)

LIS Subsequence
A subsequence is a sequence generated
from the original array by deleting O or more
elements without changing the relative order
of the remaining elements.

The longest possible subsequence in which
the elements of the subsequence are sorted
in increasing order.

Examples : Input : Output : LIS:
[10,9, 2,5, 3,7,101, 18] 4 [2,3,7,18]
[3,2,1] 1 (31, [2] or [1]

Longest Increasing Subsequence
¥
Definition of the DP table :

DPIi][l] = “smallest ending of an increasing subsequence of length | in A[O...i]*
= if no such incresing subsequence exists

DP[O...n-1][1...n]

Computation of an entry :
Initialization : DP[O][1] = A[O] DP[O][I]=c forl>1

Ali] fits the element coming before Ali) improves th rent smallest
. by being bigger than it (it should be ding of length i by being smal
Recursion : incressing)
Ali] if DP[i-1][I-1] < A[i] and A[i] < DP[i-1][I]

DP[i][l] =
DP[i-1][l] else

Extracting the solution: The solution is found by backtracking
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Introduction to Graphs * undirected / directed G
Y v
Falls ein G einen Eulerzyklus hat , dann gibt es an jedem Ec ?%u,vg | u,ve\/} T \xV o
Knoten eine gerade Anzahl Kanten WAV Harlen
(jeder Knoten hat einen geraden Grad) fﬁ" In AeW vy
N (kelne Topel ()
@ self -loops)
per defoutt
G ohme
predecessor / successor Nutiborten
Preckecessor o OQ oV Queessar et ol \/ #laziduwte LodeN
() = a L l are
N~ :=3ueV | (wve ES NF():= gwe\/lbf) w) 6’53 De@ez' deg (V): = | N%fvw ( e x2)
>t deg(v) = 2IE| “Q(Sgborhwd
v
= Call verties adjacent o)

&Qg ot Q(u%cﬁsmel

degm )EIQSO(&S&TOA
Ae&* W = INFQY |

deg 0= IN"() |

W: mdufoch Caken  BXO)
Lis NIEMALS eine Multingge in AL

(v

. oc{;ocen’r (benacnkart) - Clv&ﬂ\r}ces ore adjacent <= UpeFE
incidertt Cinaidendt) : A verrex v and an
are incident

Fuwviv’

e <~ Vvee

ln undds ecteak Gl
N(v):= % weV | {v‘uuzse Eg ne\g\boor@@%od NIEMALS Mulkogephn
Speaialiall oLQOPS‘k Tree
o loop inceasesy t\es bﬁ 2 Fropertiest i %%ngggzzd g ot
X N-1 edges e
Addirional properties: (122 ern Blat ot Grod

undireded G

direcded G % (?\OP hceeses, degy, deqoq
Lemma 5.3. In jedem Graphen G = (V| E) gilt

(i) Yy deg™(v) = X, oy deg™ (v) = |E|, falls G gerichtet ist, und

(i4) Y ey deg(v) = 2|E|, falls G ungerichtet ist.

@ - @

(a) (b)

Abb. 5.4 Tm gerichteten Graphen links (a) sind deg™ (v) = 3, deg™t (v) = 2, deg™ (w) = 1
und deg™ (w) = 1. Im ungerichteten Graphen rechts (b) sind deg(v) = 5 und deg(w) = 2.

= Thag at least 2 leaues
— rmove o lead ; T'is also a tree

—  between any &Lq‘gd@s, there is exacty

ore, L-v ‘PQH{\ ta T,
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Definition 1. Let G = (V, E) be a graph.

« A sequence of vertices (v, v1,...,vx) (with v; € V for all i) is afwalk(german “Weg”) if
{vi, vit1} is an edge for each 0 < ¢ < k — 1. We say that vy and vy, are thé endpoints)(german
“Startknoten” and “Endknoten”) of the walk.

« A sequence of vertices (vg, v1, ..., vx) is & closed walk (german “Zyklus”) if it is a walk, k > 2 ’\/
and vg = vg.

« A sequence of vertices (vo,v1,. .., vy) is d path (german “Pfad”) if it is a walk and all vertices \/
are distinct (i.e., v; # v; for 0 < i < j < k).

« A sequence of vertices (vg, v1,...,vy) is A cyele (german “Kreis”) if it is a closed walk, k& > 3 /
and all vertices (except vy and vy) are distinct.

% A'Eulerian'walK (german “Eulerweg”) is a walk that contains every edge exactly once.
» A'Hamiltonian path)(german “Hamiltonweg”) is a path that contains every vertex.

A'Hamiltonian cycle (german “Hamiltonkreis”) is a cycle that contains every vertex.

« A graph G igiconniected)(german “zusammenhingend”).if for every two vertices u,v € V there
exists a path with endpoints v and v.!

+ A graph G is aftfé€|(german “Baum”) if it is connected and has no cycleM

* Sequence Types: <, v, -,V

"We will see in exercise 8.5 that this definition is equivalent to the one given in the lecture (which was that a graph G is
connected if for every two vertices u, v € V there exists a walk with endpoints u and v)
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Let G = (V, E) be an undirected graph. We say that G is
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«_transitive when, for any two edges {u, v} and {v, w} in E, the edge {u, w} is also in E;

« complete when its set of edges is {{u,v} | u,v € V,u # v};

« thedisjointunionof G; = (V1, E1), ..
and the (V;)1<;< are pairwise disjoint.

G = (Vi, B) if V. =V1U- - - UV, E = E1U- - -UE},
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Definitions

Graph
Node / Vertex G=(V,E) V = {01, . va}, V] = n the set of nodes
®
®
Graph
Edge G=(V,E) E = {e1, ..., em}, | E| = m the set of edges

G=(V,E)- E = {e1,...,em}, | E| = m the set of edges
Graph

Undirected / Directed Graph

undirected directed

@\®/

@

ECVxV

E C {{u,v} | u,v € V}

ex = {vi,v;} ex = (vi,v;)

Graph
adjacent / incident

« viand vj are adjacent iff : (vi,v;) € E:

{'Ui,'Uj} el

« viand exare incident iff : V; € €ég.

@

@

Handéhaking Lemma

Graph

Degree
> deg(v) = 2|E| = 2m

veV

deg(v) : The degree of a vertex v of a graph is the number of edges
incident to this vertex, with loops counted twice.

In directed graphs:
« in-degree deg (v)
- out-degree deg(v)

®

Graph
Connectivity

« Foru,v € V, we say u reaches v (or v is reachable from u; german “u erreicht v”) if there exists
a walk with endpoints u and v.

« A connected component of G is an equivalence class of the (equivalence) relation defined as
follows: Two vertices u, v € V are equivalent if u reaches v.

« A graph G is connected (german “zusammenhangend”) if for every two vertices u,v € V u
reaches v or equivalently if there is only one connected component.

Graph
Tree
« A graph G is a tree (german “Baum”) if it is connected and has no cycles.

A connected graph is a tree iff it has exactly m= n-1 edges.
Tree v/s Graph

e

Graph

Walk vs Path

walk + A sequence of vertices (vo,vy,...,vx) (with v; € V for all i) is a walk (german “Weg”) if
{vi, vi41} is an edge for each 0 < i < k — 1. We say that vy and vy, are the endpoints (german
“Startknoten” and “Endknoten”) of the walk. The length of the walk (vo, vy, ..., vg) is k.

path « A sequence of vertices (vo,vy,..., vg) is a path (german “Pfad”) if it is a walk and all vertices
are distinct (ie., v; # v for0 <i < j < k).

Is it a walk? Is it a path?

(5.1,3,2,1) X
(5.1,3)

Graph

Closed Walk vs Cycle
Closed « A sequence of vertices (vg, vy, ..., V) is a closed walk (german “Zyklus”) if it is a walk, k > 2
walk and vg = V.
Cycle « A sequence of vertices (vg, vy, ..., %) is a cycle (german “Kreis”) if it is a closed walk, k > 3

and all vertices (except vy and vy) are distinct.

Is it a closed walk? Is it a cycle? o
(5.1,315) X
1,3,2,1) ®

N
(O, /O r

Tree Graph
G ra p h «+ A Eulerian walk (german “Eulerweg”) is a walk that contains every edge exactly once.
Eu le rian Lemmas « Aclosed Eulerian walk (german “Eulerzyklus”) is a closed walk that contains every edge exactly
once.
) <= 2 vertices have odd degree
3 Eulerian Walk =
(start and end)
Aussor i St und Encivten gl _#hin = fweg
G is connected
3 Eulerian Closed Walk s and

every vertex has even degree

+ A sequence of vertces (..., ) (with v, € V for all ) is 2 walk (german “Weg) if
{51,121 i 3m e for each 0 < i < k — 1. We say that v nd v are the endpoints
“Startknoten” and “Endiknoten’)of the walk. The length of the walk

Graph B —
Eulerian Walk / Closed Eulerian Walk

o) sk

E“"”Ii;"" + A Eulerian walk (german “Eulerweg”) is a walk that contains every edge exactly once.
Wal

Closed + Aclosed Eulerian walk (german “Eulerzyklus”) is a closed walk that contains every edge exactly
Eulerian Walk once.

Is there an eulerian walk ? (1,2,3,1,5)

Is there a closed eulerian walk ? X

Is there a closed eulerian walk ? (1,2,38,1)

+ A sequence of vertices (+v, vy, .., u4) s & path (german “Pfad®) if it is a walk and al vertices
are distinet (ie., v, # vy for 0 < i < j < k).
Gra h R T (o R S e A R B iR 78
and all vertices (except vy and vy) are distinct.

Hamiltonian Path / Hamiltonian Cycle

Harr}\)ilti')"nian « A Hamiltonian path (german “Hamiltonpfad”) is a path that contains every vertex.
at

Hargiltz)‘nian « A Hamiltonian cycle (german “Hamiltonkreis”) is a cycle that contains every vertex.
ycle
Is it a hamiltonian path? Is it a hamiltonian cycle?

(5.1,2,3,4) X
(5.1,2,3,4,5 X
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Eulerian Tours

Eulerian Walk : Durchlaufe jede Kante genau einmal

Wenn Eulerweg existiert, dann <= 2 Knotengrade ung
(nur endknoten)

#hin = #w

Hovmi Mo pfad + besce el Koot quus cineal
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Eulerian trail (or Eulerian path) is a irail in a finite graph
that visits every edge exactly once (allowing for revisiting
vertices)
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Properties [edit)

* An undirected graph has an Eulerian cycle if and only if every vertex has even degree, and all of its vertices with nonzero degree belong to a single
connected component.
« An undi graph can be into

dge-disjoint cycles if and only if all of its vertices have even degree. So, a graph has an Eulerian cycle if
and only if it can be decomposed into edge-disjoint cycles and its nonzero-degree vertices belong to a single connected component.

« An undirected graph has an Eulerian trail if and only if exactly zero or two vertices have odd degree, and all of its vertices with nonzero degree belong
to a single connected component

« Adirected graph has an Eulerian cycle if and only if every vertex has equal in degree and out degree, and all of its vertices with nonzero degree belong
to a single strongly connected component. Equivalently, a directed graph has an Eulerian cycle if and only if it can be decomposed into edge-disjoint
directed cycles and all of its vertices with nonzero degree belong to a single strongly connected component.

« Adirected graph has an Eulerian trail if and only if at most one vertex has (out-degree) - (in-degree) = 1, at most one vertex has
(in-degree) — (out-degree) = 1, every other vertex has equal in-degree and out-degree, and all of its vertices with nonzero degree belong to a single

of the i i graph léiation needec]

Given the graph in the image, is it possible to
construct a path (or a cycle; i.e., a path starting
and ending on the same vertex) that visits each
edge exactly once?
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Data structures for graphs
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Alle Nachbarn von v € V ermitteln  ©(n) ©(deg™ (v))

Finde v € V ohne Nachbar O(n?) O(n)

Ist (u,v) € E? O(1) O(degt(v))

Kante einfiigen O(1) O(1)

Kante 16schen O(1) O(deg™(v))
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DM Beaiehung

5.1.5 Beziehung zu Relationen

A %Qﬂie,\um%

(AnzanL WEGE) Theorem 5.4. Sei G ein Graph (gerichtet oder ungerichtet) und t € N beliebig.

- Einen Graphen G = (V, E) kénnen wir auch als Relation E C V x V auf V auf-
DER LANGE &) Das Element an der Position (3, j) in der Matriz AL, gibt die Anzahl der Wege der

fassen, und umgekehrt. Sei wie zuvor Ag = (ai;)1<i j<n die Adjazenzmatrix von G.

Linge t von v; nach v; an.

Konzepte von Relationen konnen wie folgt auf Graphen iibertragen werden:

e F ist genau dann refleziv, wenn E jede Kante (v,v) mit v € V enthélt, G also REFLEXIVITAT
eine Schleife um jeden Knoten v € V hat. Dies ist genau dann der Fall, wenn
Betrachten wir noch einmal die Adjazenzmatrix des in Abbildung 5.5 dargestellten @i — 1 fiir alle ¢ JE 1 n} ist £
Graphen und quadrieren wir sie, dann erhalten wir die Matrix “ Y ’
01011 e F ist genau dann symmetrisch, wenn fiir alle (v,w) € E auch (w,v) € E gilt, SYMMETRIE
0000 0 d.h. G ungerichtet ist.
A2
B:=Ag= 8 8 (1J g (1) (106) e FE ist genau dann transitiv, wenn fiir jedes Paar zweier Kanten (u,v) € E und TRANSITIVITAT
v,w) € E auch (u,w) € E ist.
01112
Wie kann diese anschaulich interpretiert werden? Ein Eintrag b;; dieser Matrix wird ]-_'TAne'Aqulvalenzrelatlor{ erfillls bf:kannterma'ssen ?,lle drei °b1$en Elgenfchz?‘ftenA Folg-
durch by = Y7, 4y - ag; berechnet. Wir beobachten nun| dass das Produkt ag- ax; lich ist der Graph zu einer Aquivalenzrelation eine Kollektion vollsténdiger, unge-
t] =10 g . ’ ‘ J richteter Graphen, wobei jeder Knoten eine Schleife hat.
entweder 0 oder 1 ist, und es ist genau dann 1, wenn sowohl (v;,v;) € E als auch . : b . . . .
(v, v;).€ E sind. Das heisst also, b;; z8hlt die Anzahl der Wege der Lange 2 von i Die reflexive und transitive Hiille eines Graphens G = (V, E) beschreibt die sog.
nach j. Wir konnen die Aussage sogar auf A% fiir beliebige t € N verallgemeinern Erreichbarkeitsrelation E*. Dies ist eine zweistellige Relation, die ein Paar (v,w) ERREICHBARKEITS-
wie das folgende Theorem zeigt: ¢ ’ genau dann enthilt, wenn es in G einen Weg vom Knoten v zum Knoten w gibt. RELATION

Beweis. Wir beweisen die Aussage durch vollstandige Induktion iiber ¢.

Induktionsanfang (t = 1): Die Adjazenzmatrix Ag = Ay enthilt die An-
zahl der Wege der Lénge 1. Zwischen zwei Knoten gibt es entweder
einen Weg der Linge 1 (wenn die entsprechende Kante existiert),
und keinen sonst.

Induktionshypothese: Angenommen, in A, gibt jeder Eintrag (i, 7) die
Anzahl der Wege der Lénge t von v; nach v; an.

Induktionsschritt (t — t + 1): Sei B = (bi;)1<ij<n := Al Betrachte nun
C = (cij)1<ij<n = Agrl = B x Ag. Fiir einen Eintrag c;; gilt

5.1.6 Berechnung der reflexiven und transitiven Hiille

Gegeben sei ein gerichteter oder ungerichteter Graph G = (V, E) durch seine Ad-
jazenzmatrix Ag = (aij)1<ij<n. Wir wollen nun die reflexive und transitive Hiille
von G als Matrix berechnen. Das Ziel ist also die Berechnung einer Matrix B =
(bij)1<i,j<n, Wobei b;; genau dann den Wert 1 annimmt, wenn (v;,v;) € E* ist (und

IN-PLACE 0 sonst). Unser Algorithmus darf in-place arbeiten, d.h. er darf die Matrix A iiber-
schreiben, sodass am Ende an ihrer Stelle B steht. Wir beobachten, dass es niemals
nétig ist, eine 1 zu iiberschreiben, da eine 1 an einer Position (i, j) signalisiert, dass
es (irgendeinen) Weg von v; nach v; gibt. Nur Nullen miissen iiberschrieben wer-
den, und zwar genau dann, wenn ein Weg zwischen zwei Knoten gefunden wird und
bisher nicht bekannt war, dass zwischen ihnen ein Weg verlduft.

ERSTE IDEE Um nun Wege der Linge 2 zu finden, kénnen wir iiber alle 7,7,k € {1,...,n}

n iterieren und a;; — 1 setzen, wenn sowohl a;;. = 1 als auch a; = 1 sind. Zusitzlich

cij = z bik, - Qkj. (107) setzen wir natiirlich a;; < 1 fiir alle i € {1,...,n}, da die Hille ja auch reflexiv sein
k=1 soll. Nach diesen Schritten codiert die Matrix bereits alle Wege der Lingen 1 und 2.

Dabei z#hlt b;, geméss Induktionshypothese die Anzahl der Wege

Fiihren wir dieses Verfahren erneut aus, wurden alle Wege der Léinge héchstens 4
gefunden, bei einer weiteren Ausfiihrung alle Wege der Linge héchstens 8, usw.
Dabher reichen [logyn] viele Ausfiihrungen, um alle Wege zu finden.

von v; nach vy der Lénge t. Ausserdem ist ay; entweder 0 oder 1,
und 1 genau dann, wenn eine Kante (also ein Weg der Lénge 1) von
v nach v; existiert. Das heisst, die Anzahl der Wege von v; nach
v; iiber den Zwischenknoten vy, ist genau by, falls (vg,v;) existiert,
und 0 sonst. Da die Summe iiber alle moglichen Zwischenknoten vy
gebildet wird, gibt c;; also korrekt die Anzahl der Wege von v; nach

'VERBESSERUNG Tatséchlich reicht sogar eine einzige Ausfithrung, wenn wir sicherstellen kénnen,
dass sowohl a;j. als auch ay; bereits ihren entgiiltigen Wert enthalten (also 1, falls
es irgendeinen Weg von v; nach v bzw. von vy nach v; gibt, und 0 sonst). Wars-
hall beobachtete nun, dass es ausreicht, die Wege in der Reihenfolge des grossten
Zwischenknotens vy, zu berechnen, was der folgende Algorithmus tut:

REFLEXIVE UND  REFLEXIVETRANSITIVEHULL(A)

v; der Linge t+1 an. | TRANSITIVE
HULLE 1 fork+1,...,ndo
2 agk 1 > Reflezive Hiille
ANWENDUNGEN ~ Um in einem Graphen den kiirzesten Weg (mit einer minimalen Anzahl von Kanten) 3 forie1,...,ndo
zwischen zwei gegebenen Knoten v; und v; zu bestimmen, geniigt es also offenbar, 4 for j«1,...,ndo
Ag zu potenzieren, bis zum ersten Mal der Eintrag an der Position (i,5) ungleich 5 if aix = 1 and ag; = 1 then a;; <~ 1 > Berechne Weg iiber vi

Null ist. Da ein kiirzester Weg offenbar keinen Knoten mehrfach benutzt und damit
hochstens Liange n — 1 hat, reicht eine Potenzierung bis n aus; enthélt die Position
(4,7) dann noch immer keine Eins, dann gibt es keinen Weg von v; nach v;.

Eine andere Anwendung besteht in der Berechnung der Anzahl von Dreiecken
in ungerichteten Graphen. Ein Dreieck ist eine Menge D von drei Knoten, wobei DREIECK
zwischen jedem Paar zweier Knoten in D eine Kante verlduft. Um fiir einen gegebe-
nen ungerichteten Graphen G die Anzahl der Dreiecke zu bestimmen, entfernen wir
zunéchst alle Schleifen von G, indem wir die Diagonaleintriige in Ag auf 0 setzen.
Danach berechnen wir die Matrix B = (bij)1<i,j<n = A% (dazu geniigen zwei Ma-
trixmultiplikationen). Ein Eintrag b;; gibt nun an, wie viele Wege der Lange 3 von
v; nach v; existieren, d.h., er zéhlt die Anzahl der Dreiecke in denen v; enthalten
ist. Da jedes Dreieck irgendeinen Knoten des Graphen enthilt und auf sechs ver-
schiedene Arten gezahlt werden wird ((z,,2,7), (z.2,9.2), (. 2.7.3), (1. 7.2,7),
(z.7,y,2), (z,y,%.2)), betriigt die Anzahl der Dreiecke exakt (337 b;;)/6. Als Bei-
spiel betrachten wir den folgenden Graph:

Nach Entfernung der Schleifen ergeben sich die neue Adjazenzmatrix bzw. ihre dritte

Potenz
0110 28 41\ o L
= Jto1o0 o (224 Y =
Ao=|y g 1| b B=AE=y 54 b
0010 1130

Offenbar hat G genau ein Dreieck (némlich die Menge {v1,v2,v3}), und die Summe
der Diagonaleintriige in B ist genau 6.

Lavrzerr  Die Laufzeit dieses Algorithmus ist offenbar in ©(n®). Die Korrektheit weisen wir
induktiv nach, dass in der dusseren Schleife die folgende Invariante stets erfiillt bleibt:
Alle Wege, bei denen der grésste Zwischenknoten (und damit alle Zwischenknoten)
einen Index < k hat, wurden beriicksichtigt.

Induktionsanfang (k = 1): Alle direkten Wege ohne Zwischenknoten (dies entspricht
allen Kanten) sind bereits in Ag enthalten.

Induktionshypothese: Sei die obige Invariante vor dem k-ten Schleifendurchlauf wahr,
d.h. alle Wege, bei denen der grosste Zwischenknoten einen Index < k hat,
wurden beriicksichtigt.

Induktionsschritt (k — k + 1): Betrachte nun den k-ten Schleifendurchlauf sowie ei-
nen beliebigen Weg von einem Knoten v; zu einem Knoten v;, dessen grosster
Zwischenknoten den Index k hat. Wir miissen zeigen, dass der Algorithmus
dann tatsichlich a;; ¢ 1 setzt. Dies ist der Fall, denn nach Induktionshypo-
these haben sowohl a;; als auch a;; den Wert 1 (da k der grésste Index eines

0110 Zwischenknotens auf einem Weg von v; nach v; ist, miissen die Zwischenknoten
1010 auf den Wegen von v; nach v bzw. von v; nach v; entsprechend kleinere Indizes
Ag = 1111 haben). Daher setzt der Algorithmus in Schritt 5 auch tatséichlich a;; 1, und
0010 da auf diese Weise alle Wege gefunden werden, deren grésster Zwischenknoten

den Index k hat, bleibt die Invariante erhalten. |
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Begriffe gerichtete Graphen

Der Graph G = (V,E) ist definiert wie beim ungerichteten ausser Kanten sind geordnete Paare
e=(u,v) €EE

e v ist Nachfolger von u

s 'EQP : sorh\p& <= /zdiredeol cl n o w st Vorginger von v

e degin(u) = Eingangsgrad
wall

degout(u) = Ausgangsgrad
o Quelle u: degi,(u) =0

e Senke v: degoui(v) =0

Here's the algorithm step by step:

¢ Find a vertex that has indegree = O (no incoming edges)

¢ Remove all the edges from that vertex that go outward (make its
outdegree = 0, remove outgoing edges)

* Add that vertex to the array representing the topological sorting of the
graph.
¢ Repeat till there are no more vertices left.

4.2.4 Topological sort

A topological sorting of a graph G'is an ordering < of V' such that for all u, v s.t. w and v are adjacent, u < v. Ifa /2
topological sorting exists, it can be produced by running DFS on the graph and adding each node to the ordering
after handling its children. The multiple runs of DFS in the algorithm below handle possible non-connectedness. Y

Definition Graph

Ein Graph ist ein Tupel G = (V, E) wobei
e VV := Knotenmenge (vertices)
e E := Kantenmenge (edges)

jede Kante ist ein ungeordnetes Paar zweier Knoten u # v, e = {u,v} € E (Kurzform: uv)

Weg, Pfad, Zyklus
e Weg: Folge von benachbarten Knoten (engl. walk)
e Pfad: Weg ohne wiederholte Knoten
e Zyklus: Weg mit vy = vy, [ > 2 (engl. closed walk)

Die Liange eines Wegs bzw. Pfads ist die Anzahl an Kanten, nicht die Anzahl an Knoten
Begriffe
e u,v adjazent/benachbart < e = {u,v} € E

e ¢ € E inzident /anliegend zu v < 3u € V, so dass e = {u, v}

deg(u) = Knotengrad von u (Anzahl Nachbarn)

e u erreicht v <& 3 Weg zwischen u und v (engl. reachable)
Aquivalenzrelation (symmetrisch, reflexiv, transitiv)

e Zusammenhangskomponente (ZHK): Aquivalenzklasse der ”erreichbar”-relation (engl. connected
component)

e Graph ist zusammenhingend < es gibt gibt genau eine ZHK

Handschlag Lemma: Z deg(v) =2-|E|
veV

- Algorithm r7 Topological sort
function DFS(s, G, T, D)
for w s.t. v and w are adjacent in G do
if w € D then
D + DU {w}
DFS (w,G,T, D)
T+ TU({s}
T « []
D+ 0
forv e Vdo
if v € D then
DFS (v, G, T, D)

The complexity of topological sortis O (n + m).

Eulerweg, Hamiltonpfad, Eulerzyklus
e Eulerweg: Weg welcher jede Kante genau einmal enthalt (engl. Eulerian walk)
e Hamiltonpfad: Pfad der jeden Knoten genau einmal enthalt
e Eulerzyklus: Zyklus welcher jede Kante genau einmal enthalt

3 Eulerzyklus < alle Knotengrade gerade und alle Kanten in einer ZHK

Algorithmus Eulertour / Eulerwalk

Euler(G):
e Input: Graph G = (V| E)
e Output: Liste Z mit Eulerzyklus, falls existiert.
o Laufzeit: O(m)
EulerWalk(u):
e Input: Knoten u € V
e Output: Keiner
o Laufzeit: O(m)
- A ——
' Algorithm 1 Euler(G)
Require: Alle Kanten unmarkiert
1: Z « Leere Liste

2: EulerWalk(u) > fiir ug € V beliebig
3: return Z

Algorithm 2 EulerWalk(u)

1: for uwv € E, nicht markiert do
2: markiere Kante uv
3: EulerWalk(v)
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d) Directed Acyclic Tournament
A tournament is a directed graph G = (V, E) such that:

e G has no self loops, i.e., (v,v) € E, for all v € V. (Note that the graphs that we usually
consider have no self loops.)

e For every two distinct vertices u,v € V, either (u,v) € F or (v,u) € E but not both.

Let G be a directed acyclic graph that is also a tournament. Show that G has a unique
topological sorting.

Solution:

Let n be the number of vertices of G. Since G is a directed acyclic graph (DAG), it has at
least one topological sorting (vy,...,v,). On the other hand, since G is a tournament, for
every 1 < ¢ < m, there is an edge between v; and v;4; in G. Furthermore, since v; appears
before v;1; in the topological sorting (vi,...,v,) of G, the edge between v; and v; 1 must
be (vi,vi+1) and cannot be (viy1,v;). Therefore, (v1,...,v) is a path in G, hence v; must
appear before v;;1 in any topological sorting of G. We conclude that (vy,. .., v,) is the unique
topological sorting of G.
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Trees

* Every tree with n vertices has exactly n-1 edges

Prook -

* G with n vertices
is a tree

'?foop:

We proceed by induction on .

Base case: When n = 1, there can only be 0 = n — 1 edges. When n = 2, there exists a unique
tree (two vertices connected by an edge), and that one has 1 = 1 — 1 edge. This completes the base
Induction hypothesis: Assume that the hypothesis is true for every tree with . > 2 vertices, ie.
it contains 1 — 1 edges.

Induction step: We now show the property holds for every tree G = (V. E) with V| =n + 1
vertices.

Let u bea leafin G (it must exist by part (a), and let v be us only neighbor in the tree G = (V, )
Consider the graph G = (V'\ {u}, E'\ {u, v}). We first argue that G' s a tree.

Claim: G is connected.

Proof of Claim: Let a, b € V', {u}. Since G is a tree, there exists a path P in G with endpoints a, b
It is immediate that no path can contain a leaf except on its endpoints (or the leaf's only incident
edge is used twice). Hence, P is also a path in . Thus, a and b are connected in G Since a and b
were arbitrary, G is connected. This completes the proof of this claim.

Claim: G has no cycles.

Proof of Claim: Suppose for the sake of contradiction that I s a cycle in G'. But since G is a
subgraph of G, P is also a cycle in G. However, G is a tree and thus cannot have a cycle. This
completes the proof of the second claim.

Combining the two claims, we proved that G is a tree. It contains [V \ {u}| = (n+1) ~1=n
vertices. Hence, by the induction hypothesis, |7\ {u,v}| = n — 1. Therefore, || = n, which
completes the induction step and the proof.

<=>

Hint: One direction is (®). graph withn— 1
edges is a tree), use induction on . First, prove there always exists a leaf by considering the average
degrec. Then, disconnect the leaf from the graph and argue that the remaining graph is still connected
and has exactly one edge less. Apply the induction hypothesis and conclude.

Solution:

Suppose G is a tree. By definition, G is connected. By part (b), it has n — 1 edges. This completes
one direction of the implication.

We now prove the other direction. Suppose G is connected and has n — 1 edges. We proceed by
induction on 7.

Base case: Let n = 1. The graph with a single vertex and 0 edges is trivially a trec. Let n = 2.
‘There exists one unique graph with 2 vertices and | edge, and that graph is also obviously a tree.
‘This completes the base case.

Induction hypothesis: Assume the hypothesis: Every connected graph with n > 2 vertices and
n— Ledgesis a tree.

Tnduetion step: We now show the property holds for 7+ 1. Let G = (V, ) be a connected graph
with . + 1 vertices and . edges. The average degree in this graph is 2 E|/|V| = 2n/(n+1) < 2.
Hence, there must exist a vertex u with degree 1 (no connected graph with at least 2 vertices can
have 0-degree vertices). In other words, u is a leaf and let v be w's only neighbor in G Consider
the graph G := (V'\ {u}, E\ {1,v}). Clearly, G' has n — 1 edges.

Claim: G' is connected.

Proof of Claim: Let a,b € V'\ {u}. Since G is connected, there exists 2 path P in G with endpoints

a,b. As in part (b), no path can contain a leaf except on its endpoints. Hence, P is also a path in G/
and thus G is connected. This completes the proof of this claim.
Therefore, we can apply the induction hypothesis on G and conclude G is a tree. It is simple to

conclude that then G is also a tree: Any cycle in G must be fully contained in G (since it cannot
contain a leaf), and this is impossible since G is a tree.

G has n-1 edges
and is connected

« Algorithm for checking if G is a tree :

Algorithm 2

visited[u] < True
for i« 1 m do

if a; = u and not visited[b;] then
: walk(b;)
10: if b; = u and not visited[a;] then
u: walk(a;)

1
2
3
4
5
6
7
8
9

10
3
14

walk(1)

16 Print(“YES”)
17: else
18: Print(“NO”)

Input: integers n, m. Collection of integers a1, b1, ag, ba, . .., am, by,
Let visited[1...n] be a global variable, initialized to False.

function walk(u) > Find all neighbors of u that have not been visited and walk there.

> Iterate over all edges.

> Find all vertices connected to 1.

connected < True if visited[-] = [T'rue, True, ..., True] and connected + False otherwise
15: if connected = True and m = n — 1 then

> Use the characterization from part (c).
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Shord Quesions abotd Gyaphs :

Exercise 8.5  Short questions about graphs (2 points).
In the following, let G = (V, E) be a graph, n = |V| and m = |E|.

(a) Let v # w € V. Prove that if there is a walk with endpoints v and w, then there is a path with
endpoints v and w.

Solution:

If there is a walk with endpoints v and w, consider a walk W : v = vg,v1,...,vx = w between
these two vertices with the shortest length. Since v # w, k > 1. If W is not a path, then there are
0 <1< j < kwithv; = v;. But then, v = vg, v1,...,% = vj,Vj41,...,V = wis a walk between
v and w with length k — (j — i) < k, contradicting the choice of the walk. Hence, W is a path, so
there is a path with endpoints v and w.

For each of the following statements, decide whether the statement is true or false. If the statement is
true, provide a proof; if it is false, provide a counterexample.

(b) Every graph with m > n is connected.
Solution:
This statement is false.
Consider the graph G that is a disjoint union of two cycles of length 3, i.e.

v= {'U]_, V2, V3, 1)4,’05,'06}

and
F = {{’Ul, ’02}, {vg,’v3}, {’U3, vl}, {1)4, ’1)5}, {1)5,’06}, {’UG, ’04}}.

Then, both n = m = 6, but G is not connected since there is for example no path from v; to vy.

(c) If G contains a Hamiltonian path, then G contains a Eulerian walk. >(

Solution:

This statement is false.
Consider the complete graph on 4 vertices, i.e.

V= {’Ul,'UQ,'Ug, 1}4}

and
E = {{v1,v2}, {v1,v3}, {v1,va}, {v2, v3}, {v2, va}, {v3,va}}.

Then G has a Hamiltonian path v;, v, v3,v4. But since every vertex has odd degree 3, it follows
that G has no Eulerian walk as we know from the lecture that a graph that has an Eulerian walk
has at most 2 vertices with odd degree.

(d) If every vertex of a non-empty graph G has degree at least 2, then G contains a cycle. '\/
Solution:
This statement is true.

Proof using bound on the number of edges in a tree. Assume for a contradiction that G does
not contain a cycle. Then each of its connected components must be a tree. By a previous exercise,
we know that this implies that the total number of edges in G is at most n — 1. But each vertex of
G has degree at least 2, implying G has at least (2 - n)/2 = n edges, a contradiction.

Direct proof. We construct a cycle in G as follows. Let v; be any vertex of G, and let v3 be a
neighbour of v; (i.e., {v1,v2} is an edge). For 3 < ¢ < n + 1, inductively choose vertices v; so that
{v;,v;_1} is an edge, and v; # v;_5. This is possible because each vertex of G has degree at least 2,
and so v;_; always has at least one neighbour which is not equal to v;_».

We have thus created a walk in G of length n. As G only has n vertices, this means there exist
distinct 1 < j, k < n+ 1 such that v; = vy, and vj, vj41,. .., vk are all distinct. By construction,
k > j + 3, and so the vertices v;,v;41,...,v; form a cycle (of length k — ).

vertices v, w, there is a vertex z such that {v,z} and {w, 2} are both edges). Then there exists a

(e) Suppose in a graph G every pair of vertices v, w has a common neighbour (ie., for all distinct
vertex p in G which is a neighbour of every other vertex in G (i.e., p has degree n — 1). %

Solution:
This statement is false.

A counterexample is given by the following graph:

L 4 A 4 ®

(f) Let G be a connected graph with at least 3 vertices. Suppose there exists a vertex vcyt in G so that
after deleting veyt, G is no longer connected. Then G does not have a Hamiltonian cycle. (Deletin,
a vertex v means that we remove v and any edge containing v from the graph).

Solution:

This statement is true. Suppose for a contradiction that G has a Hamiltonian cycle v1, v2, v3, . . . , Un, V1,
which we order so that v = vcyt. Then, after removing v; = v¢yt from G, the resulting graph still
has a Hamiltonian path, namely vz, v3, ..., vy,. In particular, the resulting graph is still connected.
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Exercise 9.2  Short statements about graphs (cont’d) (1 point).

In the following, let G = (V, E) be a directed graph. For each of the following statements, decide
whether the statement is true or false. If the statement is true, provide a proof; if it is false, provide a
counterexample.

(a) If for every vertex v € V its in-degree deg;, (v) is even, then |E| is even.
Solution:

This statement is true.
The following equality holds ),y deg;,(v) = |E| since on both sides every edge is counted
exactly once. Hence, if all terms on the left side are even, then also | E| is even.

(b) For alongest directed path P : vy,. .., v, in G, the endpoint has to be a sink.
Solution:
This statement is false.
Consider the graph with three vertices
V = {v1,v2,v3}
and the following edges
E = {(v1,v2), (v2,v3), (v3,v1)}.

A longest directed path is for example vy, v2, v3. However, v3 is not a sink since it has the outgoing
edge (v3,v1).

Remark: If the graph is assumed to have no directed cycles, i.e. we have a directed acyclic graph, then
the statement holds as was used and proven in the lecture.

(c) The following graph has a topological sorting. If so, give a topological sorting; if not, prove why no
topological sorting can exist.

Solution:

This statement is true.
We construct a topological sorting with the strategy that was discussed in the lecture, that is, we
find a sink v in the graph, remove v (and all incident edges) from the graph and iterate. Since the

graph is small, we find a sink “by hand”, but we could as well do it with the algorithm that was
discussed in the lecture. All graphs that occur in the process are described below, where the cur-
rect sinks are marked in blue. Note that there are different possible topological sortings, the one
described here is just an example.

In the first graph the vertex “B” is a sink, so “B” appears last in our topological sorting.

Now, there are several choices, all the vertices “A”, “C” and “I” are sinks. We can add all these three
vertices into our sorting, so a possible current end of the sorting is (A,C,IB).

After removing these vertices, the only sink is “D”, leading to the current end of the sorting (D,A,C,I,B).
In the next graph, only “H” is a sink, leading to (H,D,A,C,,B).

In the last graph, both “F” and “G” are sinks. After removing these two vertices only the vertex
“E” remains, so we get for example the following topological sorting (E,F,G,H,D,A,C,I,B). One can
verify in the original graph that this is indeed a topological sorting. This is however not strictly
necessary since we know from the lecture that the algorithm we executed is correct.

Gmph Definitions - suert froots

In the following, let G = (V, E) be a graph, n = |V/| and m = |E|.

(@) Letv #w e V. if there is a walk with endpoints v and w, then there is a path with
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(e) Suppose in a graph G every pair of vertices v, w has a common neighbour (i.e., for all distinct
vertices v, w, there is a vertex z such that {v, z} and {w, z} are both edges). Then there exists a
vertex p in G which is a neighbour of every other vertex in G (i.e., p has degree n — 1).

Folse

(f) Let G be a connected graph with at least 3 vertices. Suppose there exists a vertex veyt in G so that
after deleting vey, G is no longer connected. Then G does not have a Hamiltonian cycle. (Deleting
a vertex v means that we remove v and any edge containing v from the graph).
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The second one is recursive, more compact and in some sense more natural:

3 ack Kawle = 3 qeridteler 2yklus 7/ Algorithm 16 Depib-frst sarch, recursve s

e fanction DFS(v, G, D = 0)
(0 ¥ nicht~back (i NeE Qostm; f‘)ost(\/) (ot s e
(0,0 forp) L | eroSy 6\0{;&\ for w s.t. v and w are adjacent in G do
2 ﬁ %(Y((,\/\'['L{QY isk\us —.17 ﬁ \oo\Ck \40\\3&'_ “““ if wD¢ Dgnzx
@ 9 HuMeE psiluly psitv] < DU{w}

X =
Fo—S_

\ ‘ DFS (w, G, D)
uwm LV(\/\v’R wb-ocder st iry_ﬂ%u&_g_ﬁm«% DFS (s, G)
ser Kovyebdhitsheuess i
F3 2w opologischen
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Algorithm 4 DFS(G)

Graph Searchs T Tl

. 2: alle Knoten unmarkiert
DFS - with pre and post order 3: for vy € V, unmarkiert do

4 Visit(ug)

Runtime : O (V| + [E|)

Finding strongly connected vertices u-v (finding cycle) there is a path fromutovand vtou

Algorithm 3 Visit(u)

1 preful « T; T+ T+1
Algorithm 1 2: markiere u
: Input: integer n. Adjacency list Adj[1...n]. 3: for Nachvolger v von u, unmarkiert do
4: Visit(v)
5:

: Let status(1...n] be a global array, with all entries initialized to UNVISITED. post[u] « T; T «+ T +1

status[u| < VISITING
for each v in Adj[u] do > Iterate over all neighbours v.
if status[v] = VISITING then > There is a directed cycle containing u and v.
Output (u,v) and terminate
10: if status[v] = UNVISITED then
11: visit(v)
12 statusu| < VISITED.
13: foru=1,2,...,ndo
14:  if status[u] = UNVISITED then
15: visit|u]

1
2
3
B
5: function visit(u)
6
7
8
9

Graph Searchs
DFS - Lemmas, Facts
Jabackedge <« 3Iadirected closed walk

For all edges (u,v) in E except back edges : post(u) > post(v)

16: Output "no strongly connected vertices exist”

Reversed post-order is the topological ordering !!!

Topological Sorting

Reversed post-order

digw\/u}b

o[k

\

pre-order
2/n1 1/16 12/15 post-order

oracanoy B—@—@

|

o l 4/7 =
3/10 @ - @ @13/14 tree edge
reversed post-order : \ '5/6 back edge

A,C, DB, EHFG @ @ 8/9 forward edge
\ J .

topological sort

Topological Sorting
Lemmas, Facts
Term (German) Term (English) Definition
Quelle Source Vertex with only outgoing edges (in-degree = 0)
Senke Sink Vertex with only incoming edges (out-degree = 0)
s ! Gisa DAG
3 a topological sorting =

(Directed Acyclic Graph)

Topological Sorting doesn’t have to be unique, there can be multiple valid
orders depending on the graph's structure.
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DFS - Example

1 Graph Searchs

DFS - Example

pre-order

i ® CZD @
.

back edge ®
forward edge @

N

- Graph Searchs
DFS - Example

pre-order
post-order

tree edge

back edge

forward edge

8 Graph Searchs
DFS - Example

pre-order
post-order

ree edge @
back edge ® |
forward edge \ 316

Graph Searchs
DFS - Example

(A

pre-order
post-order

tree edge

back edge

forward edge

SGraph Searchs
DFS - Example

pre-order
post-order

@ 2/ 1/
©- 0@
back edge ®
|

forward ed 5
orward edge @/ NPT
& G- ®
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DFS - Example

|0 Graph Searchs
DFS - Example

@ ®—®—

tree edge @ 50 @ b @
back edge ®/‘ ® \\‘\\ lg
® Ol

pre-order
post-order

forward edge
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DFS - Example

pre-order
post-order

tree edge

back edge

forward edge

3 Graph Searchs

DFS - Example
®
o}
® 3/10 ®
®

/

QP@
@@

& @

pre-order
post-order

back edge

forward edge
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DFS - Example

@ 2/1
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® 3/10@
®®
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H—6
GTNC
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Nosor

pre-order
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back edge

forward edge
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DFS - Example
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DFS - Example
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DFS - Example
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post-order
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DFS - Example

pre-order
post-order

tree edge ® ! 417

back edge ® | @ @
© ©

3/ %
R
forward edge N

L) Graph Searchs

DFS - Example

O]
O,

@ 2/ 1/
OO0

|
|
8/

pre-order
post-order

tree edge

back edge

forward edge

DFS - Example
® oy iegind
CNION
®<?® @ 3/10 @\ ~®“ @‘3/ tree edge
@/ b @/6 @ 8/9 : \:a:i:g
\’J‘-Graph Searchs
DFS -
@ 2/n 1 12/ ::s':;?:;r
e OO0
(? @ 3/|0® § @‘3/ tree edge
®/3 ® ™ back edge

©

e

@

forward edge
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DFS - Example
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® ® &6

forward edge

DFS - Example
pre-order
post-order
@ 2/ 1/
tree edge . \

® 3/@ & ®
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post-order
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©®
©

@ : 2/n A
©
3/10 @ =

%6

12/

®
@

o
3
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Brs

BFS (Breadth-First-Search)

BFS(s):

e Input: Knoten s € V

e Output: Implementationsabhingig (kann fiir sehr viel verwendet werden, ahnlich wie DFS) Gra ph Searchs

S ot Ol ) BFS - with pre and post order + distances

Runtime : O (|V| + |E|)

Algorithm 5 BFS(s) Algorithm 5 BFS(s)

- 3 1 Q« {s} is a FIFO
L@« {s} > @ ist eine Queue 2: enter[s] «+ 0; T « 1 distance[s]=0; Ri5a queue
2: enter[s] < 0; T <« 1 3: while Q # @ do

3: while () # @ do

u  dequeue(Q)

leave[u] < T; T+ T+1

for (u,v) € E, enter[v] nicht zugewiesen do
enqueue(Q, v)
enterv] < T; T+ T+1

u < dequeue(Q)
leave[u] « T; T+« T+1
for (u,v) € E, enter[v] nicht zugewiesen do
enqueue(Q, v)
enter[v] < T; T < T + 1 distance[v] <- distance[u] +1;

Algorithm 14 Breadth-first search

Q@ + newqueue ()

Q.pusH (7)

D « {r} > Stores nodes that are done (in @ or already processed)
while -Q.1sEmpTy () do

v+ Q.ror ()
/*do something with v*/
for w s.t. v and w are adjacent in G do
if w ¢ D then
Q.rusH (w)
D «+ DU {w}
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Algorithm 5 BFS(s)
1 Q« {s}
2: enters] « 0;
distance[s] =0 ;

4 Graph Searchs

BFS - Example et

nrty: AIEITole[ ol
ety PP

distance[] :

Algorithm 5 BFS(s)
1: Q + {s}
2: enters] « 0;
distance[s] =0 ;

+ while Q #

“) Graph Searchs

BFS - Example

T+1

u=A

A|B|C|D|E|F|G|H
ey PR
covel): [ADJelBlelelo]n

distance[] :

Qs

Algorithm 5 BFS(s)
1: Q+ {s}
2: enter(s] « 0;
distance[s] =0 ;

5 while

2 Graph Searchs

BFS - Example et

u=A

A|B|C|D|E|F|G|H
et TS
cavel): [AIBJelolelelo]n

Algorithm 5 BFS(s)
1: Q + {s}
2: enter|s] « 0;
distance[s] =0 ;

(Graph Searchs
BFS - Example

o .\ e mgewicsen do

T«1 v .
T; Te«T+1

u=A

Alslc|p|e[F|c|H
enter(]: 0T,

Alslc|p|e[F|c[H
Ieave[]:1

distancel] :

Algorithm 5 BFS(s)

To

raph Searchs o3
BFS - Example 2: ('.m('r[s] «0 Te1
distance[s] =0 ;
Q:B-C-F

c F
enter[] : EEEH
ot S

Algorithm 5 BFS(s)
1 Q« {s}

2: enter[s] « 0;

distance(s] =0 ;

€ Graph Searchs

BFS - Example

Q:B-C-F FIFO

T+1

2/

A|[B|C|D|E|F|GH
0f2(3 4

[alslcole[Fe[n
1

enter[] :

leavel[] :

. ale[c[ole[r|o]
distancell: [o[1[1] | [1] |

8 Algorithm 5 BFS(s) L witeor
Graph Searchs o3 :
BFS - Example 2: enter[s] < 0; T« 1 .
distance[s] =0 ;
Q:C-F 2/ 0/1 3/

u=B

enter[] : BEIEH

B|C|D|E|F|G|H
leave[] : 75 ARERRER
distance[] : [o]1 1 1

Graph Searchs

BFS - Example

Q:C-F-E

A|B|C|D E|F|G|H
ol2|3| |e|a

leave[] : EEE "

enter[] :

Algorithm 5 BFS(s)
1: Q+ {s}

Algorithm 5 B

13

2 enterfs] < 0; T 1 Graph Searchs ¢« (3
distance[s] = 0 ; BFS - Example 2: enter(s] < 0;
distance[s] =0 ;
2/5 0/1 3/

6/
enter[] :

(alslclole[Fle]n]
of2[3|8|6[a

e e,
distancel] : [o[1]1] [2[1] | |

L{ Graph Searchs

BFS - Example

u=C

A
enter[]: EEB“
leavel] : [2[e[e[efElF]elk

Algorithm 5 BFS(s)
1: Q+ {s}

FS(s)

T+1

“T+1
istance[u] +1;

3/7

2/5

@Ev‘” °
©—®

' a[ec[o[er[o[n]
distance[l: [o[11]2]2]1

1: Q + {s}

Q‘&raph Searchs

P+l

. 2: enter[s] « 0;
BFS - Example distancels] =0 ;
Q:D-G 2/5
u=E .
onoRoGon i ‘.
c
enterl]: [oT5a[s]e]a]w0
c H
leave[] : HE

Algorithm 5 BFS(s)

distance[y] < distance[u] +1;

0/1 3/7

® ©
RN
® ©®-

\ L0/ !

! (als[c[o[e[r[o[H]
distance[] : [o[1]1]2]2[1]2] |

+ while Q # & do
. ()
T

20 Graph Searchs

2: enterfs] < 0; T 1 ( 1: Q¢+ {s}
distance[s] = 0 ; distancely] < distance{u] + 1 BFS - Example 2 enter(s] « 0;
distancels] = 0 ;
2/5 o/1 3/7

6/

A|B|C|D E|F|G|H
enterl]: o155 s]6a

S Graph Searchs

BFS - Example

u=C

A|B|C|D E|F|G|H
of2|3| |e|a

alelc|ole[Flc[n
leave[] : =

enter[] :

s while Q # @ do
. (@)

T41

o] it mugewiesen do

T+1

TeT+1
[v] < distance[u] +1;

1: Q«+ {s}

3("Graph Searchs g
2: enter[s] « 0;

BFS - Example - et
distance([s] =0 ;

2/5

als[c[o[e[F|s]n
enterll: o5 158 )64 0/

A|[B|C/ D|E|F|G|H

5 while Q # 2 do
ue («

Algorithm 5 BFS(s) "
1: Q + {s} .
2: enter[s] « 0;

distance[s] =0 ;

~10 Graph Searchs

BFS - Example et

Alslc
ot [T
alBlc[p|e|F[c|n
leave[]: M5

distancel] :

VT TeT+1
distance[v] <- distancefu] +1;

Graph Searchs
BFS - Example

A c G
enter[] : .ﬂ

als|c[o|e|F|a|H]
leave[]: STgT5

s while Q # @ do
¥ doqueun(@)

leavelu] & T; T T +1
for '

Algorithm 5 BFS(s)
1: Q « {s} b
2: enter[s] < 0; T« 1 ’
distance[s] =0 ;

SGraph Searchs

BFS - Example

:B-C

u=A

orter - AJESTOlE[ el
cover) . AT lE[Tel

5 while Q # @ do
w o

Algorithm 5 BFS(s)
1: Q « {s}

|| Graph Searchs

BFS - Example 2: enter[s] « 0; T+« 1 ; e
distance(s] =0 ; distancel[v] < distance[u] +1;
Q:C-F-E 2/5 o/1
G ® ® ©

0@ ®

\\\/@

A|B|C|D|E|F|GH
0|23 6|4

leave[] : nﬂm

enter[] :

of1]1]2f2]1]2

Algorithm 5 BFS(s)

nicht mugewiesen do

eTi TeT+1
distance[v] <- distancefu] +1;

0/1

3/7

® @ ©
@@ ©-
s,

110/

© @

e 99 Graph Searchs

BFS - Example

Algorithm 5 BFS(s)
1: Q « {s}
2: enter[s] « 0;
distance[s] =0 ;

T4=1

A|B|C|D|E|F|G|H
enter(]: [oT;15]s]e]a
caver) . [XS[eTeTE[F[eTs

r{'Graph Searchs

BFS - Example

Q:F-E-D

alBlc|p|E[F|e]H
et T
leave[] : EEEE

Algorithm 5 BFS(s)
1: Q+ {s}
2: enter(s] < 0;
distance[s] =0 ;

T«1

2/5 0/1

3/7

i AlB|c|D|E|F|G|H leavel[] :
distancel] : fof 1] [a[1] | | aitanoet: PRI tji]z] [nje noGoeGen
P lo distance[] : [o]1]1]2]2]1]2]
Algorithm 5 BFS(s) ool -
Q¢ {s} : Algorithm SBFS() ™V j_.:E Algorithm 5 BFS(s)
> ol 0 Te1 O\ GraphSearchs o« : Algorithin 5 BFR) .
miel 1 BFs_g(am > k. Graph Searchs tocr i
P distance[s] =0 ; distancelv] oa.mmelulu; BFS - Example = :"‘”[32 r 0 Te1 T, TeT+1
listance[s] =0 ; distance(v] <- distance[u] +1;
2/5 0/1 17
Q:E-D-G 2/5 3/7 "
:D-G- 2/5 3/7
8. anr © ® @ ® ® @
6/ — e
®—-6© O - @ . @ ” AP
\ : l enter[] : [afe[elo]efrlo[n] 84 1. ’ @ &
@‘7® * lo|2]a[s[6]a]i0 10/ ) [al8[c[p[e[F[c[H]
- enter(]: 0|2]3|8|6|4[10/12 110/
leave[] : alslclofelr o[u] @ @12/
S ancel o ’ distance[] : alolclofelelel leave(] : EE .

) (als[cloleF[o[n]
distancel] : [o[1[1]2]2]1]2]3]

3
Graph Searchs
BFS - Example

1
it mgewiesen do

enterfu] ¢
distance[v] < distance[u] +1;

Q:D-G-H

S

o ¢ ©-
@@

O\

enter[] :

alslc|plE[F[elH
o[2[3]8]6|4|0]12
leave[] : BI!IEI

s while Q # 2 do

Algorithm 5 BFS(s)
1: Q « {s}
2: enter(s] « 0;
distance[s] =0 ;

@

TeT+
& B emer{] e sugevincn do
Te1

T+
ﬂnoe[v] < msunce[u] +1;

2/5 0/1 3/7

@ .4,\.

mo ® ©-

110/

@ @W
‘ als[c[o[e[F[c]H]
distance[]: [o[1[1]2]2]|1]|2]5

Algorithm 5 BFS(s)

Q
BEeD % vaa 93 Graph Searchs
distance[s] =0 ; ancely] < distance{u] +1; BFS - Example

2/5 ST Q:E-D
| 4;\ Bk
6/ ®—® @ 8/
\©%® enter[] : Hﬂ%}%\%ﬂi\#
| ATelalelelels] | leavell: (AR
distance(l: [o[1[1]2]2[1] | |

Algorithm 5 BFS(s)
1: Q + {s}

L’Graph Searchs

nicht zugewiesen do

. 2: enter[s] « 0; T« 1
BFS - Example oneiicb:
Q:B-C-F 2/ o/1 3/
as ® ® 0

ABCDEFGH
0]2|3 4

alslc[o[e[F[c]H]
Ieave[]:1

enter(] :

1: Q + {s}

| 2Graph Searchs

BFS - Example ey B nzen
Q:C-F-E 215 o/1
® ® @
RN
®-® ©®
enter[] : EEH K \ | |

©—

distance[] :

leave[] : I!EHI

nicht zugewiesen do

"% Graph Searchs

BFS - Example

Q:F-E-D

A c
enter[]: [J Em

alslc|ole[Fe[H]

leavell: MT5T7 ‘

Algorithm 5 BFS(s)
1 Q« {s}
2: enter(s] « 0;
distance(s] =0 ;

T+1

2/5 o/

S

0@ ®

DN

distance[] :

@ @

S)‘eGraph Searchs

BFS - Example

T T+1
distance[v] < distance[u] +1;

Q:G-H
3/7
u=D
A|B|C|D|E|F|G|H
enter[] : ol2/3|8|6|a10/12

HCMH
leavell: 17577 ia[n[e

A|[B|C|D|E|F|GH

Algorithm 5 BFS(s) &
1: Q + {s} .
2: enter[s]  0;

distancels] =0 ;

enter{u] nickt mgewicsen do

T« 1

terfe)  T; T T+1
distance[v] < distancelu] +1;

2/5 o/

®. 04/\0

mo ® ®-

110/

@@
! als[c[o[e[F[o]n
distance[] : [o[1]1]2]2]1]2]3

3/7

o|1]1]2[2]1

Algorithm 5 BFS(s) s
1: Q « {s}

Q, Graph Searchs

2: enterfs] « 0; T« 1
distance[s] =0 ; distancely] < distancelu] +1; BFS - Example
2/5 0/1 3/7
® ® © e
| \ 4/‘\ u=F

. 0 0 @

\l | A|B|C|D|E|F|G|H
@-@ enterl]: [o7;5[s]e]4]10
als[c[po[e[F[e[H

leave[]: 75T »

Algorithm 5 BFS(s)
1: Q + {s}
2: enter(s] < 0;
distance[s] =0 ;

T«1

2/5 0/1

S

L o-@ ®-

\ l'IC)/
©

distance[] :

3%raph Searchs

)
) i BFS - Example
v)

T
distance(v] <- distance[u] +1;

3/7

A|B|C|D|E|F|G|H
Enter[] ©|o|2|3|8|6|4]10{12
| A|B|C|D|E|F/G|H
eavell: [3T5 7 wa[n o

|

Algorithm 5 BFS(s)
1: Q + {s}
2: enter[s] « 0;
distance(s] =0 ;

3 while Q # & do

er(o] nicht zugewiosen do
T«1

T, TeT+1
tancelv] < distancefu] +1;

2/8 0/1 3/7

@ Q“\Q

mo ® ®-

110/

@@
! als[c[o[e[F[o]n
distance[]: [o[1]1]2]2]1]2]3
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GraphSearchs tocs7

BFS - Example 2: enterfs] « 0; T« 1
distance([s]=0;

T4l
] nicht mgewiesen do.

“T+1

distance[v] <- distance[u] +1;

Q:D-G-H 2/5 0/1 3/7
4;\
smo @ ©-

A|B|C|D|E|F|G|H
enterll: (575758 6 40/ 10/
@ @’2/
c Floln
e [ale[c[o[e[F[o]

1s[7] [nle
' Al[c[o]e]F]
distance[]: [o[1[1]2]2]1]2]s

s while Q # & do

Algorithm 5 BFS(s)
1: Q+ {s}

(@

32 Graph Searchs

BFS - Example 2: enter[s] < 0; T+ 1
distance[s] =0 ; distancely] < distance{u] +1;
Q:G-H 2/5 0/1 3/7
s ® ® 6

4/\
s/u. . .a/\s
\ ‘10/

®— @m

' alslc[o[e[r[o]n]
distance[]: [o[1[1]2[2[1]2]3

5 while Q # & do

[a[8[c[o[e[F[o]H]

o|2]ss]6[4]10]r
HHEE H

leavell: 7517 ia[n]e

enter[] :

Algorithm 5 BFS(s)
1 Q¢+ {s}
2: enterfs] « 0; T+ 1
distance[s]=0;

T4l
o] it ugewiesen do

3B Graph Searchs

BFS - Example

TeT+1
distance[v] <- distance[u] +1;

Q:G-H 2/5 0/1 3/7
4/\

smo ¢ o
A|B|C|D|E|F|G|H
enter[] © |0|2/3|8|6|4|10/12 ‘10/

@ @‘2/
A|B|C|D|E|F|G|H
leavell: 7517 wlule ATe[clole[Fle]H]
distance[] : o L2 [3]

3 while Q # & do

Algorithm 5 BFS(s) )

3 Graph Searchs

. X 5 leave|ul n «T+
1 Q« {s} . ek e

1
nicht zugewiesen do

BFS - Example 2: enter[s] < 0; T+ 1 oo (ql,-) iy
distance(s] =0 ; distancelv] <- distancelu] +1;
Q:H 2/5 0/1 37

4;\
f,,u‘ ® . .

‘10 /14

[a]s[c]p[E[F[a]H
enter[] : [o]2]3]8]6]a]10]12 \
.—@m

HHHHE H
leavell: [TT5T7 wa[n]s

13

Graph Searchs
BFS - Example

t B|C|D|E|F|GH
SN er[] ©|0]|2|3|8|6|4[10[12
| B D|E|F|G|H
eave[] T[1]5]7]13[11|9 14|15

3 while Q # @ do
1 u  dequeuc(Q)

Algorithm 5 BFS(s)

5 leavelu «T; T T+1
1 Q « {s} ¢  for (u,v) € E, cnterlo] nicht sugewicsen do
2: enter[s] « 0; T+ 1 K enqueue(Q, v)
: N enterfv] «T; T T +1
distance[s] =0 ; distance[v] <- distance[u] +1;
2/5 0/1 3/7

@ .4,\‘

6/11. ‘ ‘ 8/13
\

‘10 /14

12/15

_ A ) G
distance[l: [o[1[1]2]2]1]|2|3

Algorithm 5 BFS(s)
1: Q « {s}
2: enter[s] « 0;
distance[s] =0 ;

35 Graph Searchs

BFS - Example el

Q:H 2/5 0/1 3/7

@ .4/\0

e ®-
\ 110/14

HHHH
enterl]: [oT;T5 s64]10]12
“7®12/

| A|B|C|D|E|F|G|H
eave[], 1/5|7[13|11|9 14

“T+1
tancelv] < distance[u] +1;

13

Graph Searchs

BFS - Example

t [] B|C|D|E|F|GH
einan: 0(2|3|8|6/|4/10|12
| [] B D|E|F|G|H
eaveu: 5|7|13|11|9 [14]15

s while Q £ & do

Algorithm 5 BFS(s) iyl bl
l:Q(—{S} ‘. leave[u] « T; T T+1

for (u,v) € E, enter[v] nicht zugewiesen do

2: enter[s] « 0; T+« 1 7 T TeT4]
8 enter[v] ¢ T4
distance[s] =0 ; distance[v] <- distance[u] +1;
2/5 0/1 3/7

' '4/\
0@ ®

\ 110/14
@ @

' A D G|H
distance[l: [o[1[1[2]2]1]2]3

Algorithm 5BFS(s) 1™\
3b Graph Searchs o« P
BFS - Example 2: enter[s] < 0; T 1 1 S,

distance[s] =0 ;

Q: 2/5 0/1 3/7

u=H ® ® ©
\ 4/\
R " @—® ‘ d
alsc Flo
enter(l: 157,15 a6 41012
| ‘alelc|o|e[Fe]H]
cavell s 57 e ] u 15]

*10/14

\
.—.12/1

distancel[] :

ol1]1]

nicht zugewiesen do

TeT+1
distance[v] < distance[u] +1;

13

-

als[c[o[e[F|o[n]

[2[2]1]2]s]
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Mintoral Spaﬂﬁ?(\gTVQQ- oo Q\(_\JlE,-)
Is a Aree™ T with vestices V(T) =V
and egiges ECTNCE <+

S w5e) s mindwol onenag all
eeE Quch tree S

Minimum Tree

« Among all spanning

trees, MST has the » no cycles
minimum total . |VI-1edges
weight

(smallest possible sum of edge weights)

Boruvka(G):
e Input: Graph G = (V, F)
e Output: Minimaler Spannbaum F

e Laufzeit: O((m + n) -log(n)) (wie Dijkstra)

ocmlOSn\

Idea Constructsaspanning forestiteratively until it becomes a spanning tree. Starts with each vertex in a distinct
component (a trivial tree with one vertex and zero edge). All vertices select their nearest neighbor simultaneously,
and all corresponding edges are added. This results in a number of trees being formed. Then, all of these trees
select again their smallest outgoing edge, which are added to the forest,(dividing the number of trees by two at
each iteration) The process goes on for at most © (log 1) rounds until only one connected component remains.

Algorithm 8 Boruvka(G)
1. F< 0o
2: while F' nicht Spannbaum do
3: (S1,...,Sk) < ZHKs von F

(e1,...,ex) < minimale Kanten an Si,..., Sk

> sichere Kanten
> < log(n) Iterationen, O(m + n) pro Iteration

4:
5: F+ FU{er,...,ex} —p 'D'iS'i\X\‘U& VQ)-QM\E'O\\MZ\
J oo

AN Y I [ Iy I B

]

MST

Boruvka's Algorithm Runtime : O ((|V| + |E|) * log n)

Algorithm 8 Boruvka(G)
c F+ @

1 find with DFS only using the edges in F !
2: while F nicht Spannbaum do _~

3: (Sl ..... S]\) < ZHKSs von F' connected components with edges from F

4

5

(€100 er) + minimale Kanten an Sq, ..., S

: F « F U /{ey,..., ex} minimum edges near Ss

F : edges of the MST

Note for ‘e CQN\P\Q_KC'V\L:S'.

132 |
haue

o thorelge

m< n?

log(m) < leq (n2) = Aey(n) = O Qogn)

%gp ]
ﬂﬂﬁmg :

£ panvale Konten
{fur \’&ee\a CokeN

P\I%e_ Ao Saren
Voven 20 & hhewy

h 2. lterabon , oke
oML =vd deeze.
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Algorithm 8 Boruvka(G)

1 Feo2
MST o o 2 whlle F m(hl \|\\n|)| aum do
% edges of the S, Si) « ZHKs von F
Boruvka's Algorithm b (on o)  minimale Knoten an ... S,
F+« Fu{e e}
F:2

e’

\
o
N/

s e
R/

Algorithm 8 Boruvka(G)
:Fe0

MST

2 while F nicht Spansboum do
F : edges of the MST "

Boruvka’s Algorithm R e
.
F:o
1= {0}
1}
S3=1{2}
Ss={4}
Se={5}
S7={6}

MST

Boruvka’s Algorithm

F:2
1= {0}
{1}
S3=1{2}
Ss={4}
Se= {5}
S7={6}

Algorltlml 8 Boruvka(G)

2 while F nicht Spansbaum do
F: edges of the MST 3 (S, Si) « ZHKs von F

Boruvka'’s Algorithm t (en,--..e) < minimale Kanten an Sy..... Si
5.  F«FU{e,...,ex}

F:2 °
$i= (0} ‘

1} }\

={2}
Ss={4} a
Se={5}
S7={6}

U\

Algorithm 8 Boruvka(G)

Algorithm 8 Boruvka(G)
1 Feo

MST

2: while F nicht Spannbaum do
" " F: edges of the MST % (S, on F
Boruvka's Algorithm & (e1s-.-,es)  minimale Kanten an Sy,..., Sk
5 F« Fu{e &

F:{{0,2},{1,3}, {46}, {56} }

-2 [ ]
Sa={4,5,6}

Algorithm 8 Boruvka(G)

1:Fe2
MST ¥ while F nict Spansbauin do
i . F: edges of the MST % (St--aSk) " ZHKs von F
Boruvka’s Algorithm & (e1,--,ex) « minimale Kanten an S,,..., Sk

FeFule,....ex}

F:{{0,2}, {13}, {46}, {56} }

\

V 8 y
$1={0,2}
am 13} N / N
S3={4,5,6}

3

(¢

Ny

Algorithm 8 Boruvka(G)
1

MST

. . ST ,; w :‘1 .m»lf‘ Spannba .“:Jlui
Boruvka’s Algorithm £ (enen) ¢ e Kanten an S, Sk
F+

F:{{0,2}, {13}, {46}, {56} }

(4]

\/
/k

$1={0,2}
S3={4,5,6}

Y

\/

Algorithm 8 Boruvka(G)

L Fe2
2: while F nicht Spannbaum do
5 J n F

MST F
: edges of the MST

Boruvka’s Algorithm ‘.

ale Kanten an S, ..., Sy

F:{{0,2}, {13}, {4.6}, {56},
{01}, {43} }

={0,2}

[
V
S
b BN
= 5,6} o y

MST T b fvl:.l:zr .,.(L“ g,,,.;,;;.;:.,,., dor Alg;rilhzm 8 Boruvka(G)
. ; o e
Boruvka's Algorithm b oo e Kemten an .S, || MmsT redgosotthonsy % hile P it Spamboun do
5 FéFU{en....ex i : : Si.....5)  ZF
cihabid ) Boruvka's Algorithm . 5
5: F« F
F:{{0,2},{1,3}, {46}, {56} }
F:{{02},{1,3}, {46}, {56}, o o
& 01}, {4.3
$1={0} {01}, {434} V Y y \
S2= {1}
Ss={2} (o] o o
Ss= {4} ° e
Se={5}
S7= {6}
Algorithm 8 Boruvka(G)
1 F + 2 . X N Algorithm 8 Boruvka(G)
MST _ Fradgenatmensr % MPe P IS ® MST LRl
BOI’UVka'S Algorlthm A (e %) S . £ edges of the MST 2: v\hll.e F nlrhl S])Annl;:lu:l 30}_
& FeFufa Boruvka’s Algorithm o e Kaoten an 8., 5
5 F+Fu{e x}

F:{{0.2},{1.3}, {46}, {56}}

F:{{0,2},{13},{4.6
{01}, {4.3}}

}.1{5.6},
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Him's Rlao
Idee: Konzentrieren uns auf eine ZHK
Prim(G, s):
e Input: Graph G = (V,E) und s € V
e Output: Minimaler Spannbaum F
e Laufzeit: O((m + n) - log(n)) (wie Dijkstra und Boruvka)

OCmlegn )

Idea A variant of Dijkstra’s algorithm, where for each vertex v not already processed, we keep the cost of the
shortest edge connecting v to the tree under construction. Just as in Dijkstra, extends the current tree with the
edge e = (w, v) and vertex v of minimal cost, updating the costs of neighbors of v. Repeats until all vertices are
covered.

) —

Algorithm 9 Prim(G, s) (allgemeine Form)

: F @
:S(—{S}

3: while F' nicht Spannbaum do
u*v* « minimale Kante an S (u* € S,v* ¢ 5)
F « FU {u*v*}
S+ SuU{v*}

> ZHK von s in F

Algorithm 10 Prim(G, s) (mit min-heap)

1: H < make-heap(V,0), S «+ @

2: d[s] « 0; d[v] « o0 Yve V) {s}
3: decrease-key(H, s, 0)

4: while H # @ do

5: v* « extract-min(H)

6: S « SU {v*}

7: for v*ve E, v¢ S do

8: d[v] < min{d[v], c(v*,v)}

9: decrease-key(H, v, d[v])

> Unterschied zu Dijkstra

- ee und

o\n {fL‘ZQJlo res wendle+

um e Paor, QU T L‘v&fiwxbhmi/\

MST

Prim's Algorithm - Dijkstra approach Runtime : O (V| + |E]) * log n)

Algorithm 6 Dijkstra(s) Algorithm 10 Prim(G, s) (mit min-heap)

1 d[s] + 0; d[v] < o0 Yo e V\{s} 1: H + make-heap(V,x), S + @

2 S« o 2: d[s] « 0; d[v] o0 YveV\{s}

3: H + make-heap(V'); decrease-key(H, s,0) 3: decrease-key(H, s, 0)
4

4: while S # V do : while H # @ do
v* « extract-min(H) v* « extract-min(H)

5: ]

6: S« Su{v*} 6: S« Su{v}

T: for (v*,v) € E, v ¢ S do T: forvtve E, v¢ S do

8: d[v] < min{d[v],d[v*] + e¢(v*,v)} 8: d[v] « min{d[v], c(v*,v)}
9: decrease-key(H,v,d[v]) 9: decrease-key(H, v, d[v])

MST

Prim'’s Algorithm - connected components approach

Runtime : O (V| + |E]) * log n)

Algorithm 9 Prim(G, s) (allgemeine Form)

1:
2

3
4:
5

6:

F«o
S « {\}
: while F nicht Spannbaum do F : edges of the MST
u*v* + minimale Kante an S (u* € S,v* ¢ 5)
F « Fu{u*v*'} : connected component set
S+ Su{v'}

4 : find the minimum edge {u*,v*} s.t. u*is in S but v* is not
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Alxontluu 9 Prim(G, ) (allgemeine Form)
F : edges of the MST
Algorithm 9 Prim(G. s) (allgemeine Form) MST e

edg -} um do
. . 4 :find th Kantean S (u* € S,

Prim’s Algorithm i s FeF e

Prim’s Algorithm e le Kante an S (u* € S,v* ¢ §) %
F: o

\3 edges of the MST
MST
o SeSUt)
edges {u” }sdt.

Allg:rflh‘l.ll 9 Prim(G, 5) (allgemeine Form)
Prim's Algorithm S | St T
u*is i ‘\’bul -
A

[ 1) o
— 5 :
F: {1021} / \ / \ F: ({02}, {01}, (13}}
S
o N /o\ /°
N % 2 7 M 6
o

MST

Prim’s Algorithm

Algorithm 9 Prim (G, ) (allgemeine Form)
Feo

4. find the mini

Algorithm 9 Prim(G, s) (allgemeine Form)
F : edges of the MST i Feo
MST h ; nicht Spanubaum do
Prim’s Algorithm i . < sisliKeira ) (e84 8)

. Ernuin

m—— F: ({02}, {01}, (13}, {39}, 146}, 1561} @

but
O (. Jr—
F: {{02}, {01}, {13}, {39}} V Y 7 \
s O
F : edges of the ST }‘ F : edges of the MST
2 MST % MST
Prim’s Algorithm it sSaidh

S
Algorithm 9 Prim(G, ) (allgemeine Form)

@
o [ <]
B
Prim'’s Algorithm “a et el
edges {u" }st.
u”isin S but
,5/ / Y 7 \ F: {{0,2},{0M}}
s O o e
2 N % k %

Iy msT o

Algorithm 9 Prim(G, ») (allgemeine Form)
s of the MST

N S DT
1 ":VZ' Lol b
Prim’s Algorithm P F e

@) )
e 20 MST

F : edges of the MST

Algorithm 9 Prim(G, 5) (allgemeine Form)
edges {u*

Prim’s Algorithm
}st
but

4:find th

U

icht Spannbaum do

MST
i
T

A!gnritluu 9 Prim(G, s) (allgemeine Form)
F : edges of the MST Feo
Sk Prim’s Algorithm =i e .
P D )
1©)

F: {{0,2},{01}, {13} }

2 MsT

o 0 F: ({02}, {01, 013}, 139}, (46}, 1561} @
F: {{02},{0}, 1,3}, {39}, {4.6}} V Y % \1\
©) o € o o : @
x % 11\ % XO% Ne%
[ ] o
Prim’s Algorithm 9 MS,T i 15 MST ‘;»...v‘/’ sicht Spaanbaun do
Prims Algorithm Prim’s Algorithm EanSoav L ECR e
F: 2
F: {{0.2},{01}}
minimum o

Prim’s Algorithm

3 whil ‘Spannba g-:"
e {u' v} st & 22 le Kante an S (u* € S,0" ¢ S)
edges{u }st.
7 but

g MST
F: {{02}, {01}, {1.3}}

Prim’s Algorithm
o o
/ \ / \ F: {{02}, {01}, {13}, {39}, {46}} V \ y \
ol
‘ R S, : while F nicht Spannbaum do
Prim’s Algorithm i sl

F: {{0.2},{01}, 1.3}, {3,9}, {4.6}, {5,6} }
S O O
%
u*v* « minimale Kante an §  (u*
K.

N S
Algm'il)llu 9 Prim(G, s) (allgemeine Form)
F : edges of the MST F -]
onrs \DMST
Fu{uv'} 2
S Sufe'}

Prim’s Algorithm

Algorithm 9 Prim(G. s) (allgemeine Form)

L{ F : edges of the MST L Feo

SO/O\ 7
° /

o
P
ko

4 find the minimum edge {u"x"}
utisinS but v* i

F: {{02}}

edges of the MST

Algorithm 9 E"L“"L‘“"L |"nll|i QD
F e
b msT i
Prim’s Algorithm e
uc}gos( g | YR

AIKorI!lIIII 9 Prim(G, s) (allgemeine Form) ~
F : edges of the MST v F
MST
u* i S but O
1 \
F: {{0,2},{01}}
A

Algorithm 9 Prim(G. s) (allgemeine Form)
3 whll: l do s z . MST b F i a P =
mde s Prim's Algorithm Yttt & e okt Kuiecn 8 (<8457 45 Prim’s Algorithm g e A il K § (1 €5, ¢
5 «F } & SeSufe) ; ~SU{e"
edges {u" }st.
u* S but
V N3 y \1\ F: {{0.2}, {01}, {13}, {3.9}} V Y y \
o 0o s O

AR N

Algorithm 9 Prim(G. s) (allgemeine Form)
F : edges of the MST
S5 MsT

F: {{0,2}, {01}, {13}, {3,9}, {46}, {56} }
: {{0,2}, {01}, {1.3}, {3,9}, {4.6} } / \ / \
N7 N
S5t
Prim’s Algorithm Wiens

% while F nicht Spannl
find the minimum edge {u*°} s
W isin S but v* is not

N%N

he minimum edge (u"

.

u F : edge:
; o MST
u*v* « minimale Kante an S (u* € S,v* ¢ §)
5 FeFu{ue)
6 SeSufe)

\ / N / N 7 N
e F is a spanning tree
W Algurit)nflﬂl‘mn((.’ 5) (allgemeine Form) n MST F : edges of the MST I:l‘;'.mh."'"'mm{ 2) (elgrmorive Torm)
¥ Prim’s Algorithm . T o U fuv

F : edges of the MST
MST
Prim’s Algorithm

Prim’s Algorithm P etstrdonireinl e
F: {{0,2}}

M N o

S but

o
o e F: {{0,2},{01}} 7 Y ?
Nyt Mgt

Algorithm 9 Prin (G, ) (allgemcine Form)

um do
le Kante an S (u* € S,v" ¢ S)

F: {{0,2}, {01}, {1,3}, {3,9} }

edges {u"

st
u* > but
- {{02}, {01}, {1.3}. {3.9} . {4.6}} / \ / \
S
CJ—
AN
o o o
Algorithm 9 Prim(G, s) (allgemeine Form) Algorithm 9 Prim(G, s) (allgemeine Form)
F : edges of the MST LFeo F : edges of the MST
[, msT s 12 MST
Prim’s Algorithm e e {uv' = le Kante an §  (u* € S,v* ¢ §)

ires MST
nicht Spannbaum do
Prim’s Algorithm e

. § — lh F : edges of the MST
perthn 9 Pon ) olrmens o MST
3 while F skt Spanbaun do. Prim’s Algorithm
b do Prim’s Algorithm prrtioreimsbla i j e $ (eSres)
F: {{0,2}, {0}, {1,3} }

edges( }st

wisinSbut O
YR YN T

{{0.2}, {01}, {13}, {39} }

N
O\ F: {{0,2},{01},{1,3},{3,9},{4,6}} V \ /
m N I s
o ®) O\ (¢ ] .
N AN A Noie
2] (5 )

\
N A /
o

F: {{0,2}}

€S ¢s)

Algorithm 9 Prim(G.) (allgemeine Form)
LFeo

« ulmms;u.. um do
d the mirimum edge {

(u* €S,v" ¢S)
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Kruskol 's Rlgorthm Union-Find DS

O?Q\rm[,‘av\ew 't\(\(’(\\ 0_9\1
vaa ke ( V) ev ste lle B%%‘ft\sﬁu/ﬂ/mv 7[0}'\/ ~ '-/ﬂ

Sohne (H/v) +es¥¢ ob U,v Jun olevselben ZHK  vou £

Idee: sichere Kanten sortiert nach Gewicht
Kruskal(G):
e Input: Graph G = (V,E)und s € V
e Output: Minimaler Spannbaum F Uhion (ul, V): Ver e/(m.‘j{ 2HEs von L ted v
e Brauchen eine Union-Find Datenstruktur fiir effiziente Laufzeit ( 7['%’)" | YR PV R )

e Laufzeit: O(m - log(m) + n - log(n))

T/ S M S )
Sortiere Union-Find LQ}J&".U:{ x m
rtieren mnmeaw AWLS LlSd&b

140

Idea Sorts edges by increasing order of weight and tries to add them in this order, abstaining from it whenever
adding the new edge would result in a cycle. The final set of edges is a spanning tree.

gorithm 12 Kruskal(G) (mit UF-Datenstruktur)
F«o .
UF + MAKE(V) > UF-Datenstruktur initialisieren
SORT(E) > Sortiere Kanten nach Gewicht

for uv € E, aufsteigend sortiert do
if SAME(u,v) = false then > u, v in verschiedenen ZHKs von F
F « F U {uv}
UNION(u,v)

M v ch \w«le iy KMM&M Ase k“wevem 2“}< §h2€/{0h67 :

Walon Len [ 3at — ) . —
B i d \ 20k, MBI} ) vep TVl eindetige Reprasentunt dler 2K von V-
|
%Sp ‘, "/ ‘ -
o\’
& Algorithm 11 Union-Find(G)
1: Implementierung:
2: MAKE(V): rep[v] «v YveV > O(n)
3:
4: SAME(u,v): teste ob rep|u] = rep|v] > O(1)
5:
6: UNION(u,v): > O(|ZHK(u)|)
7: for € members|rep|u|] do
8: rep[z| « rep[v]
9: members(rep[v]|] - members[rep[v]] U {z}
MST
Kruskal’s Algorithm Runtime : O (V| + |E]) * log n) Union-Find Datenstruktur
Idee: verwalte alle Knoten einer ZHK als Liste
Algorithm 12 Kruskal(G) (mit UF-Datenstruktur)
Algorithm 11 Union Find(G) 1: F « @ edges of the MST N
I Sy - 2: UF « MAKE(V') UF : Union Find QO(\ bQ ’\)\Sﬁd tm‘\A/\ LA
B ool 3: SORT(E) sort the edges in increasing order
s 1: for uv € E, aufsteigend sortiert do / )
4 do 5 if SAME(u,v) = false then if its not in the same concomp /&C
R = wla'es o Xouskal's
7 UNION(u,v)
3 . members[rep[v]] : list of the O
rep[v] : unique representative of ConComp(v) sodas M CeaCaRelmsiD
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re. \ / \ /
4.6}
{5.4.6})
(6}

sort®:{{6,4}, {2.0}, {37}, (1.0}, {6,5}, {32}, {43}, (5,3} } m
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one-to-all all-to-all

G (directed/undirected) Algorithm Runtime
G (directed/undirected) Algorithm Runtime
unweighted , a'II‘edges. with the same n x BES O (VI * (VI + ED)
positive weight
weighted , nonr:(aeg)aflée edge weights n x Dijsktra O (VI * (V] + [ED * log(IV]) )
weighted , nonnegative edge
weights Dijsktra O ((JVI + |E]) * log n)
cle)20 - P n x Belmann-Ford O (V] * V] * [E])
: . g : weighted, positive and (possi
weighted, positive and (possibly) g9 negat?ve edge weigphts '
negative edge weights Belmann-Ford* O (V] * [E]) c(e) R
cle)eR Floyd - Warshall* o(IV3)
t logical ting +
G has no cycles e OgICDaP . O (IV] + [E]) weighted, positive and (possibly)
negative edge weights Johnson O (IVI* (V| + |[E]) * log n)

c(e) e R, no negative cycles

*negative closed walk detection
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One.-to - all
Prdo\emstel(urg

directed § |, start-verkx <c\/
Edge-Costs:  cle) &R
wall- Costs: (W) := cuu) + ...+ € (Veoyy Vo)

Ul

n={Vl m=[E

distance: dluy) = min %c(lu) l QA DV %

w
U ~—v

( walk from utov)

Algorithm 14 Breadth-first search

Q + newqueue ()
Q.pusH (r)
De{r} diet(rle0
while ~Q.1sEmpTY () do

v + Q.ror ()

/*do something with v*/

for w s.t. v and w are adjacent in G do

if w & D then
Q.rusH (w)

b Stores nodes that are done (in @ or already processed)

Foofs

*© AMegotive closed uwxle
= every wal. <N be shoriewd to

p&+hs
> dlss)=0

( corrot e n%okNeD

e« dlov) ¢ dluw)+ dlw v

« Yvgs  dls) = min dlgw)+ clay)

u>V

Shortest Paths

BFS usage - with distances

Runtime : O (|V| + |E|)

Algorithm 5 BFS(s)
1: Q + {S}
2: enter[s] - 0; T « 1 distance[s]=0;
3: while Q # @ do
u < dequeue(Q)
leave[u]| « T; T+« T+1
for (u,v) € E, enter[v] nicht zugewiesen do
enqueue(Q, v)
enter[v]| < T; T < T+ 1 distance[v] <- distance[u] +1;

Qis a FIFO queue

BFS with Distance

BFS(s)
Mark all vertices as unvisited; for each v set dist(v) = oo
Initialize search tree T to be empty
Mark vertex s as visited and set dist(s) =0
set Q to be the empty queue

enq(s)
while @ is nonempty do
u = deq(Q)

for each vertex v € Adj(u) do
if v is not visited do
add edge (u,v) to T
Mark v as visited, enq(v)
and set dist(v) = dist(u) + 1

BFS with Layers

BFSLayers(s) :
Mark all vertices as unvisited and initialize T to be empty
Mark s as visited and set Lo = {s}
i=0
while L; is not empty do
initialize L;;; to be an empty list
for each v in L; do
for each edge (u,v) € Adj(u) do
if v is not visited
mark v as visited
add (u,v) to tree T
add v to L

e I=1i+1
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(DESTEIUEND no negative  Weights  Cost's are equal : 22 Cendlidne) Schronkenwere - dLy* ) ATv* 1+

nput: seV L Fod o o) with FEO Quuue (BFL)
Output: dist (gv) for all veV
Runtime:  D({m+n) - \oskrﬂ}

\ <
\J

Cor genami cers (noed mgorﬁueW :

. d|s 0; dv oo YveV\{s
:S[<]—<—® e = Prim:

Algorithm 10 Prim(G, s) (mit min-heap)
. H < make-heap(V'); decrease-key(H, s,0 v eV, S0
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* 1 | : bol(‘_r':s'l"JE{ g v y
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d[v] < min{d[v], d[v*] + c(v*,v)}
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Create a min heap of the vertices
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Extract (= remove and assign) the node with the.
minimum distance from the heap.
decrease-key(H, v, k)
Update the distance of v in heap H to the key k
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make-heap(V)
Create a min heap of the vertices
extract-min(H)
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Update the distance of v n heap H to the key k
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Update the distance of vin heap H to the key k
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make-heap(V)
Create amin heap of the vertices
extract-min(H)
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Update the distance of v in heap H to the key k
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extract-min(H)
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Update the distance of v in heap H to the key k
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extract-min(H)
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minimum distance from the heap.
decreasekey(H, v, k)

Update the distance of vin heap H to the key k
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make-heap(V) :

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k
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make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the.
minimum distance from the heap.
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

PRI

min {3,242}
Q|3
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Create amin heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
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Update the distance of v in heap H to the key k
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make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (- remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v

Update the distance of v in heap H to the key k
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extract-min(H)
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extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
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make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, )

Update the distance of v in heap H to the key k
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make-heap(V)

Create a min heap of the vertices.
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

make-heap(V)

Create amin heap of the vertices
extract-min(H)
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make-heap(V)

Create amin heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimurn distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k
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Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
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Update the distance of vin heap H to the key k
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Extract (= remove and assign) the node with the
minimurn distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H 1o the key k

Shortest Paths
Dijkstra’s Algorithm
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dil:

make-heap(V)

Create amin heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimurn distance from the heap
decrease-key(H, v, )

Update the distance of v in heap H to the key k
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Shortest Paths
Dijkstra’s Algorithm
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4|56
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“Heap” :

Create a min heap of the vertices
extract-minH)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k
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“Heap” :

make-heap(V)

Create amin heap of the vertioes.
extract.min(H)

Extract (- remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v. k)

Update the distance of v in heap H to the key k
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2 Shortest Paths

Dijkstra’s Algorithm

v =1

0(1/2|3)|4|5]6
dil: ofaf[2]3]6 0]

als[e]
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“Heap” :

extractmin(H)
Extrac (- remove and assigr) the node with the
minimum distance from the heap
decreaseker(H, v )

Update the dstance of v n heap H to the key k
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A Shortest Paths

Dijkstra’s Algorithm
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Heap” : EE

28shortest Paths

Dijkstra’s Algorithm
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“Heap” : EE
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make-heap(V)
reate a min heap of the vertces
extractmin(H)

Extrac (- remove and assigr) the node with the
minimum distance from the heap
decreaseker(H, v, )

Update the dstance of v n heap H to the key k

min{6,4+3}=6
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make-heap(V)
Create amin heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decresse-key(H, v, k)

Update the distance of v in heap H to the key k

Shortest Paths
Dijkstra’s Algorithm

of1]2]3]a]s]e
dil: o[4f2]3]6]10]=
“ " 5
Heap:

make-hesp(V)
Creste a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

hortest Paths
ijkstra’s Algorithm

df]:

Heap” : :

T
Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap.
decrease-key(H, v, k) :

Update the distance of v in heap H to the key k
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Y Shortest Paths

Dijkstra’s Algorithm
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olal2]3|6 10|

make-hesp(V)
Creste a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

“Heap” : 2 8 10
3¥ shortest Paths v

A

3 Shortest Paths

Dijkstra’s Algorithm

make-heap(V)

Creste amin heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

Dijkstra’s Algorithm

v¥=4

B
“Heap” :

Shortest Paths
Dijkstra’s Algorithm

v¥=4

ol[1]2]3]a[s]e
dil: o[4]2]3]6]10]=

RShortest Paths

Dijkstra’s Algorithm

make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

make-heap(V)
Creste a min heap of the vertices

extract-min(H)

Extract (= remove and assign) the node with the

minimum distance from the heap

decrease-key(H, v. k)

Update the distance of v in heap H to the key k Q

%Shortest Paths

D Shortest Paths

Dijkstra’s Algorithm

Dijkstra’s Algorithm

make-heap(V)

Create a min heap of the vertices
‘extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap.
decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

make-heap(V)
Create a min heap of the vertices

extract-min(H)

w3 Shortest Paths

Dijkstra’s Algorithm

Rigorithm 6
i

p(V); decrense-key(H, 5,0)

make-heap(V) :

vEV\{s) Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
‘minimum distance from the heap
decrease-key(H, v, )

Update the distance of v in heap H to the key k
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min{9,7+1}=8

U\ Shortest Paths

Dijkstra’s Algorithm
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Algorithm 6 Dijkatrals)

make-heap(V) :
Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
‘minimum distance from the heap
decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

“Heap” : n 2 8 2
Algorithm 6 Dijkstra(s) make-heap(V) :
VAlsh Create a min heap of the vertices

LLSShortest Paths

Dijkstra’s Algorithm

o, [[leslels]e]
: 0|4|2|3|6|8|7

“Heap" :

minimur distance from the heap
decrease-key(H, v, k)
Update the distance of v in heap H to the key k

L(Q: Shortest Paths

heap(V); decrease-key(H, 5,0)
ile S # V do
tract-nin(H)

extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

Shortest Paths
Dijkstra’s Algorithm

make-heap(V) Heap” :
Create a min heap of the vertices

extract-min(H)

make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
‘minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

Extract (= remove and assign) the node with the

2(3/45]6
0/al2|3|6|9]=]

df]:

6 8

Dijkstra’s Algorithm

minimum distance from the he: S D

decrease-key(H, v, k)

et e i e S Shortest Paths
Dijkstra’s Algorithm

3(1’

5 & 5
Heap” : Hﬂ

10
min {10, 6+3}=9

PShortest Paths
Dijkstra’s Algorithm

v¥=4

“Heap” : EE

of[1]2]s]as[e]
dil: olal2]3]6]e[=]

makeheap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, K)

Update the distance of v in heap H to the key k

o o U

3
d of[1]2]3s]a]5]s] O
[ ofaf2]3]6f0]= x % \ /
‘make-heap(V)

20 Shortest Paths

Dijkstra’s Algorithm

o[1]2[sa]s]e]
0(4(2/3(6|10|=

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

3! Shortest Paths

Dijkstra’s Algorithm

5|6

“Heap” : a

of[1]2]3s]a]s]s]
ola|2|3|6|9]|7
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make-heap(V)
Create a min heap of the vertices
extractmin(H)

Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

Abgorith

Shortest Paths
Dijkstra’s Algorithm

make-heap(V)
Create a min heap of the vertices.
extract-min(H)

Extract (= remove and assign) the node with the.
minimurn distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k
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Shortest Paths
Dijkstra’s Algorithm

make-heap(V)

Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
minimurn distance from the heap
decrease-key(H, v, )

Update the distance of v in heap H to the key k

gy, [lz[s[alsTe]

0/4|2|3|6|8|7

“Heap” : .

Shortest Paths

Dijkstra’s Algorithm

U

“Heap” :

‘make-heap(V) - »
Create amin heap of the vertices Heap” :
extract-min(H)

Extract (= remove and assign) the node with the
minimum distance from the heap

make-heap(V) :
Create a min heap of the vertices
extract-min(H)

Extract (= remove and assign) the node with the
‘minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

decrease-key(H, v, k)
Update the distance of v in heap H to the key k

4 6
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b‘g/ Shortest Paths

Dijkstra’s Algorithm

Aigorit

make-heap(V)
Vi) Create a min heap of the vertices

O

extract-min(H)
Extract (= remove and assign) the node with the
minimum distance from the heap
decrease-key(H, v, k)

Update the distance of v in heap H to the key k

V); decrease-key(H, 8,0)
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BRGNS rcqohue edges + neg

nput:  seV
Output: dist (gyv) for al veV

Runtme: Olm-n)

Algorithm 7 Bellman-Ford(s)
d[s] « 0; d[v] + coVv eV )\ {s}
:forie{l,...n—1} do
for (u,v) € E do
d[v] < min{d[v],d[u] + c(u, v)}

> 0-gute Schranken
> Verbessere Schranken (n — 1)-mal

Lol i v

%@Woﬂ?or@l E)(@JMPQ

List of size n
List of size n

distance :=
predecessor :=

// Step 1: initialize graph
for each vertex v in vertices do
// Initialize the distance to all vertices to infinity
distance[v] := inf
// And having a null predecessor
predecessor[v] := null

// The distance from the source to itself is, of course, zero
distance[source] := 0@

// Step 2: relax edges repeatedly
repeat |V|-1 times:
for each edge (u, v) with weight w in edges do
if distance[u] + w < distance[v] then
distance[v] := distance[u] + w
predecessor[v] := u

jofie culex are allowe.d

n-l #eyahons I{Jal—klw%bb

n-4 lu.sHA.,

Idea:

Find the shortest paths from starting node to every other node with <=/ edges
Recurrence:

d[u] with i+1 edges =

min(min {d[v] + c(v,u) | d[v] is the shortest dist. with <= i edges}, d[u])

When to stop:

The shortest path cannot have more the n — 1 edges. Why?

After k iterations, if there is a path from s to u with at most k edges, then distance (u) is at most the length of the shortest path from s to

u with at most k edges.

Shortest Paths

Bellman Ford

weighted, positive and (possibly) negative edge weights ,
(possibly) negative closed walks
cle)eR

Runtime : O (|V| *|E])

Why n-1 iterations ?

A shortest path in a graph without cycles will
have at most n-1 edges

Algorithm 7 Bellman-Ford(s)
~ = (since a path cannot visit any vertex more
1: d[s] - 0; d[v] «ocoVYv eV {s} than once in a simple graph)
2: fori e { l,...n— 1} do relax the edges for n-1
3: for (u,v) € E do L How to detect negative closed walks :
1: d[v] < min{d[v],d[u] + c(u,v)}

Do one extra iteration

If any distance improves, it indicates the
existence of a directed closed walk with
negative total weight

Runtime. ﬂn@bjs‘\s :
pro " Schronken Verbessern” = O(m)
gesamt: O(n-m)

}\Leﬁofr‘\ue Cloced Walke Detection :

L ofter (n-1) th teration
do oOne more Ferakien , Kine yolue s

aonge , 3 o directed closed Wl
Wwith r\e@cmue total. weing

BL(’\‘:\VLE#HL.E N ev»—cfctdt I/tej. gjk /“S = 3\/. d/[Vj< ”/ZV;I
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HS21

Theory Task T4.

a) It is 2050 and the city of Zurich has finally built some proper cycling lanes to travel around

the city. It turns out that one of the cycling lanes starts exactly at the road crossing where
you are living, and of course there are also cycling lanes at the ETH road crossing. Since you
are commuting to ETH by e-bike every day and you care about the environment, you would
like to know which way from your place to ETH requires the least power from your e-bike.
Your commuting way should only go through cycling lanes, and not use any other streets.

There are several cycling lanes around the city and you can switch between them at crossings.
For each pair of crossings that are connected directly by a cycling lane, you know how much
battery is needed to travel from the first crossing to the second one. Note that your e-bike
battery gets charged when you go downhill, so there are some crossing pairs for which you
gain some battery by going from the first one to the second one. However, due to the laws of
physics, it is impossible that you leave a crossing, bike around cycling lanes and come back
to the same crossing with more battery than you started with. Biking from a crossing C to
another crossing C’ does not necessarily require the same amount of power than biking from
C' to C (for example, think of a steep slope from C to C”).

i) Model the problem as a graph problem. Describe the set of vertices, the set of edges and
the weights in words. What is the corresponding graph problem ?

Solution: The network of cycling lanes defines a directed graph. The vertices V' are the
crossings, and for each pair of crossings u,v € V the two directed edges (u,v) and (v, u)
are present if u and v are connected directly by a cycling lane. The weight w((u,v))
of an edge (u,v) is the amount of power needed to go from u to v using this direct
connection. If you gain battery by going from u to v then w((u,v)) will be negative.
Note that the assumption about the laws of physics guarantees that the graph does not
contain a negative cycle.

The graph problem corresponding to finding the most energy-economic way from your
place (denoted by vertex s) to ETH (denoted by vertex t) is the computation of a shortest
path from s to ¢.

ii) Which algorithm from the lecture can you use to solve the graph problem ? Justify
why you can use this algorithm, and state its running time in terms of |V| and |E| in
O-notation.

Solution: Since the graph contains edges with negative weights, but no negative cycle,
we can use the Bellman-Ford algorithm to compute the shortest path from s to ¢, which
has a running time of O(|V| - |E|).

b) A friend of yours now tells you that no matter which pair of crossings you are considering,

the most energy-economic way (i.e., the one that requires the least battery) from the first one
to the second one always goes through at most k other crossings (for some natural number
k< \/m ). How can you modify the previous algorithm to get a lower runtime? In order to
achieve full points, your algorithm should run in time O(k - |E|).

i) Describe your algorithm (using text or pseudocode). A high-level description is enough.

Solution: In this case, we know that any shortest path in the graph consists of at most
k+1 edges. The algorithm therefore consists of running the “bound improvement” update
of the Bellman-Ford algorithm k+1 times (instead of the usual |V'|—1 times), with source
vertex s. This is captured by the following pseudocode, where the distances from s to
other vertices are saved in the array d:

Algorithm 3 TruncatedBellmanFord(V, E,w,s,k)

d[s] « 0
for v e V'\ {s} do

d[v] + o0
forf=1,....k+1do

for (u,v) € E do

if d[v] > d[u] + w((u,v)) then
d[v] « dfu] + w((u,v))

return d[t]

ii) Prove the correctness of your algorithm and show that it runs in time O(k - | E|).

Solution: The correctness of the algorithm basically follows from the correctness of the
Bellman-Ford algorithm and the guarantee that all shortest paths have at most k + 1
edges. Indeed for any £ € N, we know that after £ “bound improvement” updates of the
Bellman-Ford algorithm, the values stored in the array (d[v]),ey contain the length of
the shortest paths from s to v among all paths of at most £ edges. Therefore, after k + 1
updates, these will be the length of the shortest paths from s to all other vertices in V.

Since one “bound improvement” update runs in time O(|E|), and we perform it k + 1
times, the total running time is indeed O(k - |E|).

¢) On the weekend you would like to explore the city with your e-bike. You start from the road

crossing where you are living with your battery charged with an amount b of power, and you
want to know what are the crossings that you can reach. In other words, you are interested
in finding all places that can be visited without needing to charge your battery on the way.
Describe an algorithm that gives you the set of such reachable places. In order to achieve full
points, your algorithm should run in time O(|V |- |E|).

Note that this part builds on part (a), not on part (b). In other words, here we do not
assume that the most energy-economic way from any crossing to any other crossing always
goes through at most k other crossings.

i) Describe your algorithm (using text or pseudocode). A high-level description is enough.

Solution: The algorithm is a modified version of the Bellman-Ford algorithm. In order
to make sure that we never run out of battery on the computed paths, we make an update
d[v] < d[u] + w((u,v)) only if the condition d[u] < b is satisfied. After filling the array d
in this way, the set of reachable vertices is simply given by {v € V : d[v] < b}.

Algorithm 4 BatteryBellmanFord(V, E,w,s,b)
d[s] + 0
for v e V' \ {s} do
d[v] + oo
for £=1,...,|V|do
for (u,v) € E do
if d[v] > d[u] + w((u,v)) and d[u] < b then
d[v] + du] + w((u,v))
return {v € V : d[v] < b}

ii) Prove the correctness of your algorithm and show that it runs in time O(|V| - |E|).

Solution: Adding the condition d[u] < b in the update rule means that now, after the
{-th iteration of the for-loop, d[v] contains the length of the shortest path from s to v
among paths on at most £ edges such that any subpath from s to an intermediate node
v’ # v has length at most b. Therefore after |V| iterations, d[v] contains the length of the
shortest path from s to v such that you never run out of battery on the way. Clearly, the
vertices we can reach are then those v € V with d[v] < b.

Again, each “bound improvement” update runs in time O(|E|), so the total running time

is O(IV] - | E).
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All-to-all Shortest Paths
Floyd-Warshall

':Q:' Idea : Two things can happen about a vertex i, considering a walk from vertex u to v

« idoes not get used in walk u-v

« igets used in walk u-v

Definition of the DP table :

DP[i][ul[v] = “The length of the shortest u-v walk that only uses the intermediate vertices from {1...i}"

intermediate vertices : e—30 e Arrry o — o

VY I—_
intermediate
Vertices

All-to-all Shortest Paths
Floyd-Warshall

DP[i][u][v] = “The length of the shortest u-v walk that only uses the intermediate vertices from {1...i}"

FLOYD-WARSHALL(G = (V, E),¢)

Runtime: O( n3)

0 falls u = v ist, nonsedtow
1 DP0][u][v] + {c(u, v) falls (u,v) € E ist, 1o vertces
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NP Solution at: DP[n][I[]
3 foru+1,...,n do “using all vertices”
4 forve1,....n do
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6 return DP use ve use vertex
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All-to-all Shortest Paths
Johnson - Making all edge weights > O

« Add a new vertex z, and connect it to
every vertex in the original G with and
edge with cost O

» Find h(u) for every u With Bellmap,. Fordxq
T
h(u) := length of the shortest path from zto u i

+ Calculate c’(u,v) for every edge
c’(u,v) :=c(u,v) + h(u) - h(v)

clgavat)= -1

(%6?: y.\4/.{ C(S=%t) =

S
i 2 (s)= c(sV) +his)-hlv) = ©
h(s)=0 0 0 o & ket
h(v)=-2 -
{

=0

h () 2 Cluitls A —1 = 6]
& (g4) =clsk) +0 —(-0) =
C(ssva4)= O
c(0,2)=-2 c(21)=1 c(01)=0 »
o c(84¢)= A

c'(0,2)=c(0,2)+h(0)-h(2)=-2+0-(-2)=0
c'(01)=c(0)+h(0)-h(1)=0+0-(-1)=1

c'(21)=c(2)+h(2)-h(1)=1+(-2)-(-1)=0
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