Definition 1 (O-Notation). For f : N = R*, .+ f00n2< 100000 02
f —
O(f)={9g: N> R"|3C>0Vne Ng(n)<C-f(n)}
- /_——m__/—\/
Notation :
S(M < D (L))
! Cunc’rbni& that Lulfrl the conditors are in O(F) " g = D)

O(n?) = {n,log(n), 11./(){/3(11). 1,100n2, - - -

Definition 1 (O-Notation). For f : N — R,
O(f)={g: N—>R"|3C>0V¥ne Ng(n) <C- f(n)}
Definition 1 ((2-Notation). For f : N — R,

Q(f) ={g:N->R"| f<O(g9)}.

We writé g > Q( f) instead of g € Q(f).
Definition 2 (©-Notation). For f : N — RT,

O(f) ={g: N >R" [ g < O(f) and f < O(g)}.

We write g = O(f) instead of g € O(f).

In other words, for two functions f,g : N — R™ we have

Cg>0f) & F <O

g=0(f) © 9 <O(f)and f < O(g).

Theorem 1 (Theorem 1.1 from the script). Let N be an infinite subset of N and f : N — R* and
g: N = R*.

s I T f®)
Yl

7 0, then f < O(g), but f # O(g).
o If lim ) — ¢ e RY, then f = O(g).

 If lim f—n = 00, then f > Q(g), but f # O(g).
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wos tested in olo) exams

Exercise 1.2  Sums of powers of integers.

n
-3 W
(a) Show that, for all n € Ny, we have > 7" ; i3 < nd. (S 31 | = O(n .)
(b) Show that for all n € Ny, we have E?:l 3> 2%1 .nd, =1 L O.dd+0 i cheod Jugt

Hint: Consider the second half of the sum, i.e., Z?:[g] i3. How many terms are there in this sum?
How small can they be?

Together, these two inequalities show that C; - n* < " | % < Oy - n*, where C; = 2% and Cy =1
are two constants independent of n. Hence, when n is large, Y .-, i behaves “almost like n*” up to a
constant factor.

(c)* Show that parts (a) and (b) generalise to an arbitrary k > 4, i.e., show that > I~ ; i¥ < nF*! and

that 3501 ¥ 2 geer -n* T holdsforanyn € No. ¢ Yoy Hhis | add to mdn chead
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Exercise 1.4  Proving Inequalities.

(a) Prove the following inequality by mathematical induction

1 35 2n—1< 1
2 46 2n T 3n+1

In your solution, you should address the base case, the induction hypothesis and the induction step.

n> 1.

(b)* Replace 3n + 1 by 3n on the right side, and try to prove the new inequality by induction. This
inequality is even weaker, hence it must be true. However, the induction proof fails. Try to explain
to yourself how is this possible?

However, as argued above in the exercise statement, the inequality is still true. We are just not able
to prove it directly via mathematical induction.
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lo\ Solution:

. This simple approach does not work for the weaker
inequality as

If we try to do the same proof as above, we need to show in the induction step that

2k+1 _ V3k
2k+2 = \3k+3

Continuing as above, we get that we want to show that

2k+1 _ [ 3k (2k_+1)2<i

2k+2~ V3k+3 2%k+2) ~3k+3
< (4k? + 4k + 1)(3k + 3) < (4k? + 8k + 4)(3k)
> 12k% + 24k% + 15k + 3 < 12k3 + 24Kk% + 12k
< 3k+3<0,

which is not true.

However, as argued above in the exercise statement,




