A&D

Exercise Session 12

Nil Ozer



A&D Overview

Math, Basices

> HS@N? . Dotahaon

L Induuchon

o LOOP - Qomh‘«\%

MNax - Suboarrasy - Nqg

- nadve dwide-cc:guer ) AW,
> (OMP o x L\B

SeardNs

U Lnear Seoscn
> 3 {Yicy\gj Seorc\N

- ouoes Boura

AgD

Sorts <

Lp- RBubda Sart U Quicksoct l/ \)
L Selechon Sort (> Heapsort ore - 1o - al\l all-to - all
- Insertio Sot Gy ourr - Bound —~—
Ly [Y\Qvge_ Sos\ Ly BFS usoge. Y Oneﬁo—aﬂ “’*5‘33
'S D‘Q\LS* oL O Flogi—u)ms‘ncx\\
s Ralman- ford s Jhnson
m& S* rUQ*u.QS ( > e ‘-f%‘;"\: Ve, - cloge 4w Aaection W p walls US{Y\\S ‘L\Qq
Ay O TreeS (E. A
@ Gst (Linked ;0o ‘“*j\ AV Tree. / Ly Qverview

or NS

> Peim

> Boruulca

(s Fibonace

(> NOX i\uwﬂ::j -Som
Ly Tuarp- Gona .
L Longegk - Common - oloseq . » |
o' &dﬂi- Distence . > youllkal




Outline

Quiz

Exercise Sheets
MST

Last week organization






Exercise Sheet 7

Bonus Feedback

« Recursion Justification :(



Exercise Sheet 9

Bonus Feedback

owp A7 o

. 9.2 : short questions about graphs =~ "
e 94
« Recursion Justification :(
» Watch out for the calculation order :
« path startingati:nto
« path ending ati:1ton
e 95. o

« Pre-order, revision from the dfs slides



Peergrading and rest

- Exercise Sheet 11 peergrading
 11.1 this week

« Emails will be sent

. |f urgent feedback is needed, send me an email !






MST

Definition

Tree

» NO cycles

« A tree with k
vertices has k-1
edges



MST

Definition

Spanning Tree

» Spans all the
vertices in the graph » NO cycles

« Every vertex is - |V|-1edges
included in the tree.



MST

Definition

Minimum Spanning Tree

- Among all spanning » Spans all the

trees, MST has the vertices in the graph » NO cycles
mlr.nmum total - Every vertex is - |V|-1edges
weight

included in the tree.

(smallest possible sum of edge weights)



Runtime : O ((|V| + |E]) * log n)

Recap weighted , positive edge weights
Dijkstra’s Algorithm c(e) 2 0
d|] : distance array © : visited set
Algorithm 6 Dijkstra(s) - : min-heap

1: dis| < 0; dv] o0 Yve V\{s} make-heap(V) :
2. S «— & Create a min heap of the vertices
3: H < make-heap(V'); decrease-key(H, s,0) |
4: while S # V do extract-min(H) :
5: v* < extract-min(H) Extract (= remove and assign) the
6: S «— S U {v*} node with the minimum distance
7 for (v*,v) € E, v ¢ S do from the heap
8: d{v] < min{d|v|,d[v*| 4+ c(v*,v)}
9: decrease-key(H, v, d|v|) decrease-key(H, v, k) :

Update the distance of v in heap
H to the key k




MST

Prim’s Algorithm - Dijkstra approach Runtime : O ((|V| + |E|) * log n)

Algorithm 6 Dijkstra(s) Algorithm 10 Prim((G, s) (mit min-heap)

1: d|s] < 0; dv| <00 Yve V\{s} 1: H «+ make-heap(V,00), S «+ @

2: S+ O 2: d[s] « 0; d[v] « o0 Yve V) {s}

3: H < make-heap(V'); decrease-key(H, s, 0) 3: decrease-key(H, s, 0)

4: while S #V do 4: while H # @ do

5: v* <— extract-min(H ) 5: v* ¢+ extract-min(H)

6: S+ SuU{v*} 6: S+ SuU{v*}

7 for (v*,v) € E, v¢ S do 7: for v*ve E, v¢ S do

8: d|v] + mm{d[v] d[v*] + c(v*,v)} 8: d{v] « min{d[v|, ¢(v*,v)}

9: decrease-key(H, v, d|v]) 9: decrease-key(H,v,d[v])




MST

Prim’s Algorithm - connected components approach

Runtime : O ((|V| + |E|) * log n)

Algorithm 9 Prim((, s) (allgemeine Form)
1: F ¢« &
2: S {s}
3: while F' nicht Spannbaum do
4: u*v* « minimale Kante an S (u* € S,v* € 5)
5: F « FU{u*v*}
6: S« SuU{v*}




MST

Prim’s Algorithm - connected components approach

Runtime : O ((|V| + |E|) * log n)

Algorithm 9 Prim((G, s) (allgemeine Form)

: F « O

2: S {s}

3: while F' nicht Spannbaum do - : edges of the MST

4: u*v* < minimale Kante an S (u* € S,v* ¢ 5)

5 F« FU{u*v*) : connected component set

6: S« SuU{v*}




MST

Prim’s Algorithm - connected components approach

Runtime : O ((|V| + |E|) * log n)

Algorithm 9 Prim((, s) (allgemeine Form)

1: F O

2: S {s}

3: while F' nicht Spannbaum do ‘ - : edges of the MST

1 u*v* « minimale Kante an S (u* € S,v* ¢ 5)

5 F« FU{u*v*) : connected component set

6: S« SuU{v*}

4 : find the minimum edge {u*,v*} s.t. u*isin S but v* is not



Algorithm 9 Prim((G, s) (allgemeine Form)

. F &« @

|

MST
3: while F' nicht Spannbaum do
l:

u*v* < minimale Kante an S (u* € S,v* ¢ 5)
F « FU{u*v*}
O: S« SuU {!" }

4 : find the minimum edge {u*,v*} s.t.

Prim'S AIQOrithm u*isin S but v* is not

-
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Algorithm 9 Prim((G, s) (allgemeine Form)

. F &« @

|

MST
3: while F' nicht Spannbaum do
l:

u*v* < minimale Kante an S (u* € S,v* ¢ 5)
F « FU{u*v*}
O: S« SuU {!" }

4 : find the minimum edge {u*,v*} s.t.

Prim'S AIQOrithm u*isin S but v* is not

-
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Algorithm 9 Prim((G, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST s i 7
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ §5)
Prim’s Algorithm wtisin'S but v* is not 5. F FU{u"v*)

6: S« Su{v*}

edges {u* }s.t.
u*isin S but




Algorithm 9 Prim((G, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST 2: S « {s}
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*} s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)

Prim'S Alg()rithm u*isin S but v* is not o: F*'—FU{”."*}

6: S+ Su{v*}

edges {u* }s.t.

u*isin S but

7
x
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Algorithm 9 Prim((G, s) (allgemeine Form)

- F— O

|

MST
3: while F' nicht Spannbaum do
l:

u*v* < minimale Kante an S (u* € S,v* ¢ 5)
F « FU{u*v*}
6: S« SuU{v*}

4 : find the minimum edge {u*,v*} s.t.

Prim'S AIQOrithm u*isin S but v* is not

-
. "
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Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST . F — O

l

MST
3: while F' nicht Spannbaum do
|

. ’ o 4 : find the minimum edge {u*,v*} s.t. 4: u*v* ¢ minimale Kante an S (u* € S,v* € 5)
Prim’s Algorithm *isin S but v+ is not s F e FU{u"v")

6: S« SuU{v*}

o
F: 10,2} } V /
Yo
2\ N
o

N \
4 /




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST 2: S« {s)
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*}s.t. 4: u*v* ¢« minimale Kante an § (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v* is not o: E ¢ FU{“"'*}

6: S« Su{v*}

edges {u* }s.t.
u*isin S but

F:. {{0,2}}




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST 2: S« {s)
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*}s.t. 4: u*v* ¢« minimale Kante an § (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v* is not o: E ¢ FU{“"'*}

6: S« Su{v*}

edges {u* }s.t.

u*isin S but

F. {{0,2}} E/
X

/
"

N \
R /




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1. F « &
MST
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*,v*} s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)
Prim’s Algorithm *isin S but v+ is not s F FU{u"v")

G S« SuU{v*}

O
F. ({02}, {01} } E/ /

SN
NPT

\
/




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F « &
MST s e
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*,v*} s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)
Prlm S Alg()rlthm u*isin S but v* is not B F « FU {u*v*)

6: S« SuU {l"}

O
s/ N\ /
s O
NO/ M
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Algorithm 9 Prim((G, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)
Prim’s Algorithm *isin S but v+ is not 5. F e FU{u"v")

0: S« SuU {l"}

edges {u* }s.t.
u*isin S but

F: 110,2}, {01} }




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v* is not o: E ¢ FU{“*"*}

6 S« SuU {l'*}

edges {u* }s.t.
u*isin S but

\W/ N
o’ N /

F: 110,2}, {01} }




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F « &
MST Y.
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*,v*} s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)
Prlm S Algcrlthm u*isin S but v* is not B F « FU {u*v*}

6: S+ SuU{v*}

O
F: 110,2}, 10,1}, 11,35 7 \< /
s O

\
NA N /
o




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F « &
MST Y.
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)

Prim's Alg()rithm u*isin S but v*is not —) F « F U {u*v*}

6: S+ SuU{v*}

O o
F: {{0,2}, {01}, {1,3} } ) Y /y X
s O @) o
N6
O 5



Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)

Pl‘im'S Algorithm u*isin S but v* is not 5: F « F U {u*v*}

6: S« Su{v*}

edges {u* }s.t.

u*isin S but

O o
F: {{0,2},{01}, {1,3}} ) Y /y \
s O @) o
N7 o e
O 5




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v*is not H: E ¢ FU{“‘“*}
6: S« SU{v*}

edges {u* }s.t.

u*isin S but
minimum

F: {{0,2}, {01}, {1,.3}} / \ / \
ONLA A
® ©




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST
3: while F' nicht Spannbaum do
. . 4 : find the minimum edge {u*,v*} s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)
’ |
Prim’s Algorithm *isin S but v+ is not 5 F e FU{u"v")

0: S« SuU {l"}

O O
F: {{0,2},{01}, {13}, {39} } 7 Y y \
s O @) o
VAN
2 ©



Algorithm 9 Prim((G, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST s i ?
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* ¢+ minimale Kante an S (u* € S,v* ¢ 5)

Prim'S AlgOrithm u*isin S but v*is not E. F « FU{u*v*}

6: S« Su{v*}

O O
F: {{0,2}, {01}, {1,3}, {3,9} } 7 Y y \
s O ® O
N7 e
O 5



Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« Q@
M ST 2: S« {s}
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*} s.t. 4: u*v* < minimale Kante an S (u* € S,v* ¢ S)

Prim'S Algorithm u* is in S but v* is not 5: F + FU{u*v"}
6: S SU{v*}

edges {u* }s.t.

u*isin S but

O O
F: {{0,2}, {01}, {1,3}, {3,9} } V Y y \
s O ® O
N7 o e
O 5




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« Q@
M ST 2: S « {s)
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*} s.t. 4: u*v* < minimale Kante an S (u* € S,v* ¢ S)

Prim'S Algorithm u* is in S but v* is not 5: F + FU{u*v"}
6: S SU{v*}

edges {u* }s.t.

u*isin S but

minimum

O O
F: {{0,2}, {01}, {1,.3}, {3,9} } V Y y N
s O ® O
NIAE N
O 5




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @
MST 2: S {s}
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*}s.t. 4: u*v* ¢« minimale Kante an § (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v* is not o: E ¢ FU{“"'*}

6: S« SU {l'*}

F. {102}, {01} {1.3} {39} {46}  °

NN

s O O o
RN
O o
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Algorithm 9 Prim((G, s) (allgemeine Form)

F : edges of the MST 1: F« @
M ST 2 § ¢ {s)
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*}s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)

Prim'S Algorithm u*isin S but v* is not o: E ¢ FU{“"'*}

0: S« SuU {l"}

F. {102}, {01} {1.3} {39} {46}  °

o
N
.0 o
N
o

°
7 N
o
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Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« &
MST 2: S « {S}
3: while F' nicht Spannbaum do
4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ S)

on

F « FU {u*v*}
6: S « SuU{v*}

Prim's Algorithm u*isin S but v*is not

edges {u* }s.t.

u*isin S but

O
F: {{0,2}, {01}, 11,3}, 3,9}, 14,6} } Y
s O O
N
O

°
7 N
o
s
0




Algorithm 9 Prim((, s) (allgemeine Form)
F : edges of the MST 1. Fe &

MST Y.
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ S)

Prim’s Algorithm s e 5. F« FU{u'v')
6: S+ Su{v}

edges {u* }s.t.

u*isin S but O O

F: ({02}, {01}, {13}, {39}, {46}} > Y y \

s O O O

2 % N % Mminimum

O o




Algorithm 9 Prim((, s) (allgemeine Form)
F : edges of the MST 1. Fe &

MST Y.
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ S)

Prim’s Algorithm s e 5. F« FU{u'v')
6: S+ Su{v}

edges {u* }s.t.

u*isin S but O O

F: ({02}, {01}, {13}, {39}, {46}} > Y y \

s O O O

2 % N % Mminimum

O o




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)

Pl‘im'S Algorithm u*isin S but v* is not 5: F « F U {u*v*}

6: S« Su{v*}

F. {{0,2}, {01}, {1,3}, {3,9}, {4,6}, {5,6} } O
N
s O O
N A

O

e

11

o\
O
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Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST by,
3: while F' nicht Spannbaum do

4 : find the minimum edge {u*v*}s.t. 4: u*v* < minimale Kante an S (u* € §,v* ¢ 5)

Pl‘im'S Algorithm u*isin S but v* is not 5: F « F U {u*v*}
6: S SU{v*}

F. {{0,2}, {01}, {1,3}, {3,9}, {4,6}, {5,6} } O
N
s O O
N A

O

e

11

o\
O
%
O



Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)
Prim’s Algorithm 4 is in S but v* is not s Fe FU{uv")

6: S« Su{v*}

F. {{0,2}, {01}, {1,3}, {3,9}, {4,6}, {5,6} } O

N

s O O
4

AN

J
11

o\
O
%
O

O




Algorithm 9 Prim((, s) (allgemeine Form)

F : edges of the MST 1: F« @

MST
3: while F' nicht Spannbaum do

. ’ . 4 : find the minimum edge {u*v*} s.t. 4: u*v* « minimale Kante an S (u* € S,v* ¢ 5)
Prim’s Algorithm 4 is in S but v* is not s Fe FU{uv")

6: S« Su{v*}

F. {{0,2}, {01}, {1,3}, {3,9}, {4,6}, {5,6} } O

N

s O O
4

AN

J
11

o\
O
%
O

O




MST

Boruvka’'s Algorithm Runtime : O ((JV| + |E|) * log n)

Algorithm 8 Boruvka(G)

1: '+ O

2: while F' nicht Spannbaum do

3: (S1,...,5k) < ZHKs von F' connected component of F
4: (e1,...,er) < minimale Kanten an Sy,..., S

O

F«+ FU{ei,...,er} minimum edges near Ss




MST

Boruvka’'s Algorithm Runtime : O ((JV| + |E|) * log n)

Algorithm 8 Boruvka(G)

I & 0 find with DFS only using the edges in F !
2: while F' nicht Spannbaum do _~

S (Sl, s & Sk) — ZHKs von F' connected components with edges from F
4: (e1,...,er) < minimale Kanten an Sy,..., S
O

F«+ FU{ei,...,er} minimum edges near Ss

- : edges of the MST



Algorithm 8 Boruvka(G)

1: F+— O
MST 2: while F' nicht Spannbaum do

, : F: edges of the MST 3. (S1,...,Sk) « ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (e1,...,er) < minimale Kanten an S, ..., Sk
5: F + FuU{e,...,ex}

VG
o
N
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N \
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Algorithm 8 Boruvka(G)

1: F+— O
MST 2: while F' nicht Spannbaum do

, : F: edges of the MST 3. (S1,...,Sk) « ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (e1,...,er) < minimale Kanten an S, ..., Sk
5.

F + FuU{ei,...,er}

VG
o
N
2

/
"

N \
i /




Algorithm 8 Boruvka(G)

1: FF+ O
MST 2: while F' nicht Spannbaum do

, . F: edges of the MST 3: (S1,...,Sk) < ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (611, .y ,e;:) <+ minimale Kanten an Sy, ..., Sk
5: F+ Fu{e,...,ex}
F: o
S1=10}
Ss = 14}
Se = {5}

S7= {6}



Algorithm 8 Boruvka(G)

1: FF+ O
MST 2: while F' nicht Spannbaum do

, . F: edges of the MST 3: (S1,...,Sk) < ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (611, .y ,e;:) <+ minimale Kanten an Sy, ..., Sk
5: F+ Fu{e,...,ex}
F: o
S1=10}
Ss = 14}
Se = {5}

S7= {6}



MST

Boruvka’'s Algorithm

S1=10}

Ss= {4}
Se =15}
S7=16}

F : edges of the MST

Algorithm 8 Boruvka(G)

2: while F' nicht Spannbaum do

1: '+ &
3: (Sl,..
4: (61,..
D

., Sk) < ZHKs von F

., €r) < minimale Kanten an S,..., Sk

F+ Fu{e,...,ex}




MST

Boruvka’'s Algorithm

F : edges of the MST

F:110,2}, 11,3}, 14,6}, 15,6} }

S1=10}
Ss= {4}
Se =15}

S7=16}

Algorithm 8 Boruvka(G)

1: '+ &

2: while F' nicht Spannbaum do

3: (51,...,Sk) + ZHKs von F

4 (e1,...,€r) < minimale Kanten an S;
5 F+ Fu{e,...,ex}

ooooo




Algorithm 8 Boruvka(G)

1: F+— O
MST 2: while F' nicht Spannbaum do

, o F: edges of the MST 3: . P Sik) + ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (€ 5002 er ) < minimale Kanten an 5S4, ..., St
5: F + FuU{e,...,ex}

F:110,2}, 11,3}, 14,6}, 15,6} }

2 Wl
o o
g g




MST

Boruvka’'s Algorithm

F : edges of the MST

F:110,2}, 11,3}, 14,6}, 15,6} }

S1=10,2}

Algorithm 8 Boruvka(G)

1: FF+ O

2: while F' nicht Spannbaum do

3: (S1,...,Sk) + ZHKs von F

4 (€ 50025 er) < minimale Kanten an S
5 F + FuU{e,...,ex}

ooooo




MST

Boruvka’'s Algorithm

F : edges of the MST

F:110,2}, 11,3}, 14,6}, 15,6} }

S1=10,2}

Algorithm 8 Boruvka(G)

1: FF+ O

2: while F' nicht Spannbaum do

3: (S1,...,Sk) + ZHKs von F

4 (€ 50025 er) < minimale Kanten an S
5 F + FuU{e,...,ex}

ooooo




MST

Boruvka’'s Algorithm

F : edges of the MST

F:110,2}, 11,3}, 14,6}, 15,6} }

S1=10,2}

Algorithm 8 Boruvka(G)

1: '+ &

2: while F' nicht Spannbaum do

3: (51,...,Sk) + ZHKs von F

4 (€ 5002 er ) < minimale Kanten an S,
5 F+ Fu{e,...,ex}

ooooo




Algorithm 8 Boruvka(G)

1: FF+ O
MST 2: while F' nicht Spannbaum do

, : F: edges of the MST 3. (S1,...,Sk) « ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (e1,...,€er) < minimale Kanten an S1,...,
5: F « FU{es,..., ex }

F:{{0,2},{1,3}, {4,6}, {56},
101}, 14,3} }

S1=10,2}




Algorithm 8 Boruvka(G)

1: FF+ O
MST 2: while F' nicht Spannbaum do

, : F: edges of the MST 3. (S1,...,Sk) « ZHKs von F
BOI‘UVka S A|gOl‘Ithm 4: (€ 5002 er) < minimale Kanten an 51, ...,
5: F+ Fu{e,...,ex}

F:110,2}, {1,3}, 14,6}, 15,6},

{01}, {4,3}} V
N




MST

Boruvka’'s Algorithm

F:110,2}, {1,3}, 14,6}, 15,6},

10,1}, 14,3} §

F Is a spanning tree

F : edges of the MST

Algorithm 8 Boruvka(G)

1: P+ O

2: while F' nicht Spannbaum do
3: o Si) + ZHKs von F
. e

5)

F «+ F U/{ey,..., ex }

’’’’’




rep[v] : unique representative of ConComp(v)

MST

Kruskal’s Algorithm members[rep[v]] : list of the nodes in

ConComp(rep|[v])

Algorithm 11 Union-Find(G)
1: Implementierung:

2: MAKE(V): rep['v] — v Ye eV members[v] <- {v} > 0(11.)
3:

4: SAME(u,v): teste ob replu| = rep|v| > O(1)
D!

6: UNION(u,v): > O(|ZHK (u)|)
7: for x € members(rep|ul| do

2

rep|z| « rep|v]
9: members|rep|v|| - members(rep|v|| U {z}



MST

Kruskal’s Algorithm Runtime : O ((|V] + |E]) * log n)

Algorithm 12 Kruskal(() (mit UF-Datenstruktur)

e T 1: F' + @ edgesof the MST
B . e 2: UF « MAKE(V') UF : Union Find
- S 3: SORT(FE) sort the edges in increasing order
B o 4: for uv € E, aufsteigend sortiert do
8 forlzl)e[lrl]uffl:-ﬁfﬁ[jep[u]] do d: if SAI\-!E(II,V) - false then if its not in the same concomp
o:  members[rep[v]] « members[rep[v]] U {z} 6: F « F U {uv}
7: UNION(u,v)

members|[rep[v]] : list of the

replv] : unique representative of ConComp(v) nodes in ConComp(rep[v])



MST

Kruskal’s Algorithm

—

repl] :

o (O | |WI|IN|(—=|O

Algorithm 11 Union-Find(G)

1

0O:

-

o ¥
9:

2:

3:
l:
5

. Implementierung:

MAKE(V): replv] «v Yw eV
SAME(u,v):  teste ob rep|u| = rep[v]

UNION(u,v):

7: for x € members(rep[ul| do

rep[z] + rep|v]
members|rep[v]] - members(rep[v]] U {z}

rep[v] : unique representative of ConComp(v)

>N
N

Algorithm 12 Kruskal((/) (mit UF-Datenstruktur)

: P — O

. UF < MAKE(V)

SORT( E)

. for uv € E, aufsteigend sortiert do
if SAME(u,v) = false then

6: F « F U {uv}

UNION(u,v)

- - .
- L -t | - pra

-l

F : edges of the MST

7N
N




Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. SORT( L)

6: UNION(u,v): I: for uv € E, aufsteigend sortiert do
7: for x € 1110111')01‘5[1‘('[)[u]] do 5. if S.‘\.\I[':( .V :l — false then

8: rep[z] ¢ rep[v] O: Fery {‘“'}

' . 9: membersirep|v|| < members|rep|v|| L £
Kruskal’s Algorithm S | SR v o)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F. o

repl]: .

I" “
{0} .' :
L}
{1} . ,
{2} ~~.--"

{3} 2

14}
15}
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. SORT( L)

6: UNION(u,v): I: for uv € E, aufsteigend sortiert do
7: for x € 1110111')01‘5[1‘('[)[u]] do 5. if S.‘\.\I[':( .V :l — false then

8: rep[z]| « rep|v] 6: P« Fry {Hl'}

’ T 9: members|rep|v|| - members|rep|v|| U {x :
Kruskal’s Algorithm SN MY ¥  thoowien

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F. o

repl]: .

I" “
{0} .' :
L}
{1} . ,
{2} ~~.--"

{3} 2

14}
15}
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()“'[‘( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for x € Iuvull)vrs[rvp[u]] do 5. if S.-\.\I[':( .V ] — false then

8: 1'1'[)[.1'] — 1'('[)[1'] G- } F [, L {!H'}

' : 9: members|rep|v|| ¢ membersirep|v|| U {x
KrUSkaI S AlgOrIthm “ ek L ki b ] 7: UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F. o

repl]: .

I" “
{0} .' :
L}
{1} . ,
{2} ~~.--"

{3} 2

14}
15}
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()“'[‘( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for x € Iuvull)vrs[rvp[u]] do 5. if S.-\.\I[':( .V ] — false then

8: 1'1'[)[.1'] — 1'('[)[1'] G- } F [, L {!H'}

' : 9: members|rep|v|| ¢ membersirep|v|| U {x
KrUSkaI S AlgOrIthm “ ek L ki b ] 7: UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F.{{6,4}}

repl]: .

I" “
{0} .' :
L}
{1} . ,
{2} ~~.--"

{3} 2

14}
15}
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G)
1: Implementierung:
2: MAKE(V): replv] « v YweV
3:

I: SAME(u,v): teste ob rep|u] = rep|v]
9!
6: UNION(u,v):

7: for = € members(rep[ul| do
rep[z]| « rep|v]

Kruskal’s Algorithm P T N——

rep[v] : unique representative of ConComp(v)

F.{{6,4}}
UNION(6,4)

0/1/2|34 5|6
repl]: 4|5 (8 5

{0} X
{1} . .
{2} “ealae?
{3}

{4,6} 2
{5}
{6}

o (O | |W|IN|(—= O

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }

Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1

Do W N

bO:

: UF ¢+ MAKE(V )
SORT( £)
. for uv € E, aufsteigend sortiert do
if SAME(u,v) = false then

F « F U {uv}
UNION(u,v)

F : edges of the MST




Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()“'[‘( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for x € Iuvull)vrs[rvp[u]] do 5. if S.-\.\I[':( .V ] — false then

8: 1'1'[)[.1'] — 1'('[)[1'] G- } F [, L {!H'}

' : 9: members|rep|v|| ¢ membersirep|v|| U {x
KrUSkaI S AlgOrIthm “ ek L ki b ] 7: UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F.{{6,4}}
UNION(6,4)

0/1/2/3|4|5|6
repl]: 454 5

{0} X
{1} . .
{2} “ealae?
{3}

{4,6} 2
{5}
{6}

o (O | |W|IN|(—= O

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



MST

Kruskal’s Algorithm

F.{{6,4}}

repl]: .

10}

11}

12}

13}

14,6}

15}

o (O | |WI|IN|(—=|O

16}

Algorithm 11 Union-Find(G)
1: Implementierung:
2: MAKE(V): replv] « v YweV
3:
I: SAME(u,v): teste ob rep|u] = rep|v]

6: UNION(u,v):

7: for = € members(rep[ul| do

8: rep[z]| « rep|v]

0: members(rep|v]] - members|rep[v]] U {z}

rep[v] : unique representative of ConComp(v)

-
e ” o
PN
’ :
q
' | |
; 1
I
|
’
e ¢
N
I
’
~.--'

SORT(E): { 16,4} , 12,0}, 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }

Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1

r O = W ko

-

: UF ¢ MAKE(V)
SORT( £)
. for uv € E, aufsteigend sortiert do
if SAME(u,v) = false then
F « F U {uv}
UNION(u,v)

F : edges of the MST




Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung: .
2: MAKE(V): replv] « v YweV L: li — 9 -
3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3 'ﬁ()]{'[‘( L)
6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
0

7 for x t[ l]lu‘lllhl‘ll[‘»[E'UI’[“]] do if SAME(u,v) = false then
N: rep|r| <« rep|v - B
. : 6: F « F U {uv}

' : 9: members|rep|v|| < membersirep(v|| U {x ‘
Kruskal’s Algorithm & SO - NN oo

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F.{{6,4}}

repl] : 0 4|54 5 2 e

{0} .
{1} . ’ / \
{2} DT

3

(3} 2 7 M
{51}
{6}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung: .
2: MAKE(V): replv] « v YweV L: li — 9 -
3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3 'ﬁ()]{'[‘( L)
6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
0

7. for z t[ l]lu‘lllhl‘ll[‘»[E'UI’[“]] do if SAME(u,v) = false then
N: rep|r| <« rep|v - B
; : 6: F « F U {uv}

' ™ 9: members|rep|v|| < membersirep(v|| U {x
Kruskal’s Algorithm > SO N v s

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F.{{6,4}}

repl] : 0 4|54 5 2 e

0 {0} .' [

1T {1} “‘ /' / \
2 {2}

3 {3}

4 |{4,6) 2 / 11
5 |{5} rep[2] !=rep[O]

6 {6}

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV 1: F @ |

3: 2: UF ¢« MAKE(V)

I: SAME(u,v): teste ob l‘vp[u] = l't'p[t'] 3. 'S'()R'[’( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for € members|rep(u|] do . if SAME(u.v ) = false then

8: rep[z]| « rep|v]

Krus ka I s A I gor it h m ‘o membersfrep(v]] ¢ membersfrep(v]] U {x}

-
-

F « F U {uv}
UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}

repl]: 5 .

{0}
{1}
{2}
{3}
{4,6]}
{5} rep[2] !=rep[O]
{6}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV L |

3: 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()“'[‘( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for x € Iuvull)vrs[rvp[u]] do 5. if S.-\.\I[':( .V ] — false then

rep[z]| « rep|v] 6 F&e—ruy {Hl'}

’ T : members|rep|v|| - members|rep|v|| U {x :
Kruskal’s Algorithm & SO - NN oo

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}
UNION(2,0)

0/1/2/3|4|5|6
repl]: 45

10}
11}
12}
13}
14,6}
15}
16}

o O | |WIN |[— O

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV 1: F @ |

3: 2: UF ¢« MAKE(V)

I: SAME(u,v): teste ob l‘vp[u] = l't'p[t'] 3. 'S'()R'[’( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for € members|rep(u|] do . if SAME(u.v ) = false then

8: rep[z]| « rep|v]

Krus ka I s A I gor it h m ‘o membersfrep(v]] ¢ membersfrep(v]] U {x}

-
-

F « F U {uv}
UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}
UNION(2,0)

0 1123|456
repl] : 0 0 4|5

10,2}
11}
12}
13}
14,6}
15 }
16}

o O | |WIN |[— O

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV 1: F @ |

3: 2: UF ¢« MAKE(V)

I: SAME(u,v): teste ob l‘vp[u] = l't'p[t'] 3. 'S'()R'[’( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for € members|rep(u|] do . if SAME(u.v ) = false then

8: rep[z]| « rep|v]

Krus ka I s A I gor it h m ‘o membersfrep(v]] ¢ membersfrep(v]] U {x}

F « F U {uv}
UNION(u,v)

-
-

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}

repl]: 0 A

10,2}
11}
12}
13}
14,6}
15 }
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0} , 131}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV 1: F @ |

3: 2: UF ¢« MAKE(V)

I: SAME(u,v): teste ob l‘vp[u] = l't'p[t'] 3. 'S'()R'[’( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for € members|rep(u|] do . if SAME(u.v ) = false then

8: rep[z]| « rep|v]

Krus ka I s A I gor it h m ‘o membersfrep(v]] ¢ membersfrep(v]] U {x}

F « F U {uv}
UNION(u,v)

-
-

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}

repl]: 0 A

10,2}
11}
12}
13}
14,6}
15 }
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0}, 13,1}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung:

2: MAKE(V): replv] « v YweV 1: F @ |

3: 2: UF ¢« MAKE(V)

I: SAME(u,v): teste ob l‘vp[u] = l't'p[t'] 3. 'S'()R'[’( L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for € members|rep(u|] do . if SAME(u.v ) = false then

8: rep[z]| « rep|v]

Krus ka I s A I gor it h m ‘o membersfrep(v]] ¢ membersfrep(v]] U {x}

-
-

F « F U {uv}
UNION(u,v)

-

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:.{{6,4}, {2,0}}

repl]: 0 A

10,2}
11}
12}
13}
14,6}
15 }
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0}, 13,1}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung: '

2: MAKE(V): replv] « v YweV 1: F @ -

2 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()]{'[’[‘ L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for = € members(rep[ul| do 5. if SAME(1,v) = AR i,

8: 1'('[)[.1'] o 1'('[)[1'] G- b A0 L {‘“.}

' ™ 9: members|rep|v|| < membersirep(v|| U {x .
Kruskal’s Algorithm TSN SO, v s

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:116,4}, 12,0}, 131} }

repl]: 0 A

10,2}
11}
12}
13}
14,6}
15 }
16}

o (O | |WI|IN|(—=|O

SORT(E): { 16,4}, 12,0}, 13,1}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung: '

2: MAKE(V): replv] « v YweV 1: F @ -

2 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()]{'[’[‘ L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for = € members(rep[ul| do 5. if SAME(1,v) = AR i,

8: 1'('[)[.1'] o 1'('[)[1'] G- b A0 L {‘“.}

' ™ 9: members|rep|v|| < membersirep(v|| U {x .
Kruskal’s Algorithm TSN SO, v s

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:116,4}, 12,0}, {31} }
UNION(3,1)

0 11218|4|5]6
repl] : 0 01845

10,2}
11}
12}
13}
14,6}
15 }
16}

o (01|~ | |IN (= O

SORT(E): { 16,4}, 12,0}, 13,1}, 11,0}, 16,5}, 13,2}, 4,3}, 15,3} }



Algorithm 11 Union-Find(G) Algorithm 12 Kruskal((') (mit UF-Datenstruktur)

1: Implementierung: '

2: MAKE(V): replv] « v YweV 1: F @ -

2 2: UF « MAKE(V)

I: SAME(u,v): teste ob rep|u] = rep|v] 3. '5'()]{'[’[‘ L)

6: UNION(u,v): i: for uv € F, aufsteigend sortiert do
7: for = € members(rep[ul| do 5. if SAME(1,v) = AR i,

8: 1'('[)[.1'] o 1'('[)[1'] G- b A0 L {‘“.}

' ™ 9: members|rep|v|| < membersirep(v|| U {x .
Kruskal’s Algorithm TSN SO, v s

rep[v] : unique representative of ConComp(v)

F : edges of the MST

F:116,4}, 12,0}, {31} }
UNION(3,1)

012|384 5 6
repll: o o1 2|5
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MST

Exam Question

/2P e) Minimum Spanning Tree: Consider the following graph:

i) Highlight the edges that are part of the minimum spanning tree. (Either in the picture
above, or you can recreate the graph below).

ii) Write out all positive integers x such that if we replace the weight 1 of edge {b,d} in the
above graph with x, then edge {b,d} would be in at least one minimum spanning tree of

the resulting graph.
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