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• Quiz 

• Shortest Paths - one to all 

• Code Expert Graph Sets



Quiz



Peergrading and rest

• Exercise Sheet 10 peergrading  

• 10.4 this week  

• Emails will be sent 

• If urgent feedback is needed, send me an email ! 



Shortest Paths





Shortest Paths
one - to - all 

G (directed/undirected) Algorithm Runtime

unweighted , all edges with the 
same positive weight BFS usage O (|V| + |E|)

weighted , nonnegative edge 
weights 
c(e) ≥ 0

Dijsktra O ((|V| + |E|) * log n)

weighted, positive and (possibly) 
negative edge weights 

c(e) ∈ ℝ
Belmann-Ford O (|V| * |E|)

G has no cycles topological sorting + DP O (|V| + |E|)



Shortest Paths
BFS usage - with distances

Runtime : O (|V| + |E|) 

Q is a FIFO queue
distance[s] = 0 ; 

distance[v] <- distance[u] + 1 ; 



Shortest Paths
Dijkstra’s Algorithm

Runtime : O ((|V| + |E|) * log n) 
weighted , nonnegative edge weights 

c(e) ≥ 0



Shortest Paths
Dijkstra’s Algorithm

d[] : distance array

S : visited set

H : min-heap

Runtime : O ((|V| + |E|) * log n) 
weighted , positive edge weights 

c(e) ≥ 0



Shortest Paths
Dijkstra’s Algorithm

d[] : distance array S : visited set
H : min-heap

make-heap(V) :

decrease-key(H, v, k) :
Update the distance of v in heap 
H to the key k

extract-min(H) :
Extract (= remove and assign) the 
node with the minimum distance 
from the heap

Create a min heap of the vertices

Runtime : O ((|V| + |E|) * log n) 
weighted , positive edge weights 

c(e) ≥ 0



Shortest Paths
Dijkstra’s Algorithm

S : 

d[] : 
0 1 2 3 4 5 6

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  ∅

d[] : 
0 1 2 3 4 5 6

0 ∞ ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  ∅

d[] : 
0 1 2 3 4 5 6

0 ∞ ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  ∅

d[] : 
0 1 2 3 4 5 6

0 ∞ ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 ∞ ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 ∞ ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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min {∞ , 0 + 5} = 5 
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 ∞ ∞ ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 ∞ 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 ∞ 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices

“Heap” : 
1 3 4 5 6

5 3 ∞ ∞ ∞

0

5

3

1

3

31

3

112 2

8

1

2

3

4

5

6s

5 ∞

∞

3

2 ∞

0
v* = 2 



Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ ∞ ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }

d[] : 
0 1 2 3 4 5 6

0 5 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices

“Heap” : 
1 4 5 6

5 ∞ 10 ∞

0

5

3

1

3

31

3

112 2

8

1

2

3

4

5

6s

5 ∞

∞

3

2 10

0
v* = 3 

2



Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }

d[] : 
0 1 2 3 4 5 6

0 4 2 3 ∞ 10 ∞

make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }

d[] : 
0 1 2 3 4 5 6
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make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }

d[] : 
0 1 2 3 4 5 6
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make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices

“Heap” : 
1 4 5 6

4 6 10 ∞

0

5

3

1

3

31

3

112 2

8

1

2

3

4

5

6s

4 ∞

∞

3

2 10

0
v* = 3 

min {∞ , 3 + 3} = 6 

2



Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 }
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decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
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Create a min heap of the vertices
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Shortest Paths
Dijkstra’s Algorithm
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Dijkstra’s Algorithm
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Shortest Paths
Dijkstra’s Algorithm
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Shortest Paths
Dijkstra’s Algorithm
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make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k
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Shortest Paths
Dijkstra’s Algorithm
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Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap

Create a min heap of the vertices

“Heap” : 
4 5 6

6 10 ∞

0

5

3

1

3

31

3

112 2

8

1

2

3

4

5

6s

4 6

∞

3

2 10

0
v* = 1 

S :  { 0 , 2 , 3 , 1 }



Shortest Paths
Dijkstra’s Algorithm
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make-heap(V) :

decrease-key(H, v, k) :

Update the distance of v in heap H to the key k

extract-min(H) :
Extract (= remove and assign) the node with the 
minimum distance from the heap
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Shortest Paths
Dijkstra’s Algorithm

S :  { 0 , 2 , 3 , 1 }
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Dijkstra
Exam Questions



Dijkstra
Exam Tipps

• Don’t rush to the solution 

• Update the distances just like dijkstra’s algo  

• Don’t mix up with MST ! It’s not the same ! 



Let’s take a break



Shortest Paths
Bellman Ford

Runtime : O (|V| *|E|) 

weighted, positive and (possibly) negative edge weights , 
(possibly) negative closed walks 

c(e) ∈ ℝ

relax the edges for n-1 times



Shortest Paths
Bellman Ford

Runtime : O (|V| *|E|) 

weighted, positive and (possibly) negative edge weights , 
(possibly) negative closed walks 

c(e) ∈ ℝ

A shortest path in a graph without cycles will 
have at most n−1 edges  

(since a path cannot visit any vertex more 
than once in a simple graph)

Why n-1 iterations ? 

relax the edges for n-1 
times How to detect negative closed walks :

Do one extra iteration

If any distance improves, it indicates the 
existence of a directed closed walk with 
negative total weight
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Shortest Paths
one - to - all 

G (directed/undirected) Algorithm Runtime

unweighted , all nodes with the 
same positive weight BFS usage O (|V| + |E|)

weighted , positive edge weights 
c(e) ≥ 0 Dijsktra O ((|V| + |E|) * log n)

weighted, positive and (possibly) 
negative edge weights 

c(e) ∈ ℝ
Belmann-Ford O (|V| * |E|)

G has no cycles topological sorting + DP O (|V| + |E|)



Graph Modelling
Exam Question



Code Expert - Graph Sets



Next Week …
MST



Questions

Nil Ozer

Feedbacks , Recommendations


