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‘l’\dQCﬁOﬂ - Exam Questions

b) Induction: Consider the sequence {L,}n>1 defined via L1 = Ly = 1 and the recurrence
Lyy1=Ly+2L, ;1 forn >2.

Show that for all n € N'\ {0}, the following equation holds:

n

> 2 L = LyLnqa.

i=1
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b) (This subtask is from August 2019 exam). Let 7 : N — R be a function that satisfies the
following two conditions:

. T(g) + 3n whenever n is divisible by 2;

Prove by mathematical induction that
T(n) > 6n? —2n

holds whenever 7 is a power of 2, ie, n = 2k with k € N,.
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AS&NP“' otiC NC' aiON - exam quastion

claim | true false

(2n+n?2+3)2=0(n*) | O m]

< OKn) | O O

logn

log(n!) = O(nlogn) | O O

Yl8sn5i > Qnlogn) | O O
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Mini-exam (Induction + Asymptotic Notation)

least 0 points in total.

Assume n > 4.

/5P a) Asymptotic notation quiz: For each of the following claims, state whether it is true or false.
You get 1P for a correct answer, -1P for a wrong answer, OP for a missing answer. You get at

Claim | true false

nd +nt = O(n%) | O

n'® < O(log(n)!) | O O

1-2-3-....n<0@2") | O O

Suppose a; = 1 and a;41 = 3a; + 1 for all ¢ > 2. Then a, < O(4™). | O O
910log(n) — g(920log(n)y | [ 0

n

2 2

Fn+l 2 Z Fk L
k=0

Hint: Use the facts that Fy,41 > Fy, and Fp, > 0 for alln € N (you don’t need to justify that).

/4P b) Induction: Consider the Fibonacci numbers (F},),cn, which are given by Fy =0, F; = 1 and
F, = F,,_1 + F,,_5 for all n > 2. Show by mathematical induction that for any integer n > 0,

FS23

HS21


Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer


CJ\.OO‘P CO wﬁ(g — Exam Quaostions

FS 92 Theory Task T2. /15 P

In this part, you should justify your answers briefly.

/4P a) Counting iterations: For the following code snippets, derive an asymptotic bound for the
number of times f is called. Simplify the expression as much as possible and state it in ©-
notation as concisely as possible.

i) Snippet 1:

Algorithm 1

for:=1,...,ndo
for j=1,...,i> do
f0

f0

ii) Snippet 2:

Algorithm 2
fori=1,...,ndo
k+1
while k£ < i? do
S0
k « 2k

f0
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Seardhs / Sorts |

Exam Queston=s

/2P e) Sorting algorithms:

Below you see four sequences of snapshots, each obtained during the execution of one of the
following five algorithms: InsertionSort, SelectionSort,-guiekSestr MergeSort,
and BubbleSort. For each sequence, write down the corresponding algorithm.

8 6 4 2 5 1 3 7 8 6 4 2 5 1 3 7
6 4 2 5 1 3 7 8 1 6 4 2 5 8 3 7
4 2 51 3 6 7 8 1 2 4 6 5 8 3 7
Algorithm: Algorithm:
8 6 4 2 5 13 7 8 6 4 2 5 1 3 7
6 8 2 4 15 3 7 6 8 4 2 5 1 3 7
2 4 6 8135 7 4 6 8 2 5 1 3 7

Algorithm: Algorithm:
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g) Sorting algorithms quiz: For each of the following claims, state whether it is true or false. You
get 1P for a correct answer, -1P for a wrong answer, OP for a missing answer. You get at least

0 points in total.

length n in runtime O(n).

Claim true false
There exist arrays of length n which can be sorted with BubbleSort after 0 0
©(n) swaps.
There exist arrays of length n for which the runtime of InsertionSort is ©(n). | O O
Consider a sequence of n numbers {1, ...,z, }, where 0 < z; < 1000, Vi = 1,...,n,
is given as input. There exists an algorithm with runtime O O
O(n) which sorts any such sequence.

There exist a comparison-based sorting algorithm that can sort any array of 0 0
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/ 3P| g) Sorting algorithms:

i) Consider the sequence 6,5,4,1,2,3. How many swaps does Bubble Sort perform to
sort this sequence? Give the exact number of swaps required.

ii) Consider the sequence 6,5,4,1,2,3. How many swaps does Selection Sort perform
to sort this sequence? Give the exact number of swaps required.

iii) Let n € N be an even number and consider the sequence with the following structure:
2 I TR T

How many swaps does Insertion Sort perform to sort this sequence? Give the exact
number, not just the asymptotics.
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formal Correctnex® Trool Exarple.

Budde Sock

Algorithm 1 Bubble Sort (input: array A[l...n]).
forj=1,...,ndo
fori=1,...,n—1do
if Af7] > A[i + 1] then
Swap A[i| and A[i + 1]

Prove correctness of this algorithm by mathematical induction.

Hint: Use the invariant I(j) that was introduced in the lecture: “After j iterations the j largest elements
are at the correct place.”
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HCO-P Tree - tom auastions

a) Min-Heap: Draw the Min-Heap that is obtained when inserting into an empty heap the keys
8, 3, 2, 7, 4, 1 in this order.

{ LP b) Maaz-Heap: Draw the resulting Max-Heap obtained from the following Max-Heap by perfor-
ming the operation DELETE-MAX twice.
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BST"' AVL - exom questions

i) Draw the binary search tree obtained from the following tree by performing the two
operations INSERT(45) and DELETE(30), in that order.

ii) Draw the AVL tree that is obtained when inserting the keys 3,2,7,6,8,9 in this order
into an empty tree (it suffices to draw only the final tree).

iii) Draw the AVL tree that is obtained by deleting key 65 from the tree below.
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DP — exom guestion

Theory Task T3. /9P
You are given an array of n natural numbers aq,...,a, € N, and two natural numbers A, B € N.
You want to determine whether there is a subset I C {1,...,n} satisfying

Zai:A and Za?:B.

icl il

For example,

e The answer for the input (a;)i<, = [2,4,8,1,4,5,3], A =8 and B = 30 is yes because the set
of indices I = {1,4,6}, which corresponds to (a;)i<r = [2,1,5], yields the sum 2+1+5 =8
and the sum-of-squares 22 + 12 + 52 = 30.

e The answer for the input (a;)i<n, = [2,4,8,1], A=6 and B = 15 is no.

Provide a dynamic programming algorithm that determines whether such a subset I exists. In order
to get full points, your algorithm should have an O(n - A- B) runtime. Address the following aspects
in your solution:

1) Definition of the DP table: What are the dimensions of the table DP[...] ? What is the
meaning of each entry ?

2) Computation of an entry: How can an entry be computed from the values of other entries ?
Specify the base cases, i.e., the entries that do not depend on others.

3) Calculation order: In which order can entries be computed so that values needed for each
entry have been determined in previous steps ?

4) FEztracting the solution: How can the final solution be extracted once the table has been filled
?

5) Running time: What is the running time of your algorithm ? Provide it in ©-notation in terms
of n, A and B, and justify your answer.

Size of the DP table / Number of entries:

Meaning of a table entry:

Scheme continues on the next page.
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Computation of an entry (initialization and recursion):

Order of computation:

Extracting the result:

Running time:
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P - Mode Exam 7

Theory Task T3.

/9P

In this problem, you are given an array A = [ay, ..., a,] of n pairwise distinct positive integers, i.e.
a; € Z>y fori e {1,...,n} and a; # a; for i # j € {1,...,n}.

/TP a) Provide a dynamic programming algorithm that, given an array A of n pairwise distinct

positive integers as above, returns True if there are two different (non-empty) subsets I; and
Iyof {1,...,n} (ie. 0 # I,I> C {1,...,n} and I # I3) such that >, ; a; = >}, a; and
False otherwise. In particular, the algorithm does not have to return the sets I; and Is.

For example,

e For the array [2, 3,4, 5, 7] the output should be True since for I; = {1,2,4} and I = {2,5}
we have >,y a; =2+3+5=10=3+7=>,., a;.

e For the array [2,3,4,10,20] the output should be False since there are no two different
non-empty subsets I; and Iy of {1,2,3,4,5} that satisfy > ;.7 ai = > ;cp, ai.

In order to obtain full points, your algorithm should run in time O(n-S), where S =" | a;.
In your solution, address the following aspects:

1. Dimensions of the DP table: What are the dimensions of the DP table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify
why your recurrence relation is correct. Specify the base cases of the recursion, i.e., the
cases that do not depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each
entry have been determined in previous steps?

5. Ezxtracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?

Hint: It might be helpful to think about the following more general problem: For any integer
1 <m < S, determine how many different subsets I C {1,...,n} there are such that m =

Dier Gi-

Dimensions of the DP table:

Scheme continues on the next page.
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Subproblems:

Recursion:

Calculation order:

Scheme continues on the next page.


Nil Tuğçe Özer


Exam Winter 2023/24 Algorithmen & Datenstrukturen

page 13

Extracting the solution:

Running time:

/2P

i) There are non-empty sets I1,I> C {1,...,n} such that } ;. a; =

ii) There are non-empty sets I1, I C {1,...,n} such that >, a;
0.

b) Show that for any array A as above, the following two conditions are equivalent.

EiEIQ a; and I # Is.

= ZiEIQ a; and IT1 N1y =
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D P— Practice

Theory Task T3.

You are given an array of n natural numbers ay,...,a, € N, and two natural numbers A, B € N.
You want to determine whether there is a subset I C {1,...,n} satisfying

Zai =A and Za? = B.

iel iel

For example,
e The answer for the input (a;)i<n = [2,4,8,1,4,5,3], A =8 and B = 30 is yes because the set
of indices I = {1,4,6}, which corresponds to (a;)i<; = [2,1,5], yields the sum 2+ 145 =38
and the sum-of-squares 2% + 12 + 52 = 30.

e The answer for the input (a;)i<n = [2,4,8,1], A =6 and B =15 is no.

Provide a dynamic programming algorithm that determines whether such a subset I exists. In order
to get full points, your algorithm should have an O(n- A- B) runtime. Address the following aspects
in your solution:

Theory Task T3. AL

Let A = [ay,a9,...,a,] be an array of non-negative integers. Given A and a non-negative integers
S >0, we want to determine whether S can be written as a (non-repeating) sum of elements of A,
where we are allowed to take the square of elements. Formally, we want to determine if there exist
I,JC{1,2,....n} with INJ=0,TUJ=1{1,2,...,n} such that:

S:Zai-i-Za?-.

icl jeJ
Provide a dynamic programming algorithm that outputs True if this is possible, and False otherwise.
For example, 0 -
e The inputs A = [2,4,4], S = 34 should result in True, since 34 = 2 + 42 + 42,
e The inputs A = [2,4,4], S = 35 should result in False.
e The inputs A = [2,4, 3,22], S = 21 should result in False.

In order to obtain full points, your algorithm should run in time O(n? - S). Address the following
aspects of your solution:

P i
Theory Task T3. /9
You are given an array of n natural numbers ay,...,a, € N summing to A := """ | a;, which is a
multiple of 3. You want to determine whether it is possible to partition {1,...,n} into three disjoint

subsets I, J, K such that the corresponding elements of the array yield the same sum, i.e.

Ya=Ya=Ya=%

iel JjeJ keK

Note that I,.J, K form a partition of {1,...,n} if andonly if INJ =INK = JNK = () and
ITUJUK ={1,...,n}.

For example, the answer for the input [2,4,8,1,4,5,3] is yes, because there is the partition {3,4},
{2,6}, {1,5,7} (corresponding to the subarrays [8, 1], [4,5], [2,4, 3], which are all summing to 9).
On the other hand, the answer for the input [3,2,5,2] is no.

Provide a dynamic programming algorithm that determines whether such a partition exists. Your
algorithm should have an O(nA?) runtime to get full points. Address the following aspects in your
solution:
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DP— Practice
1)

ai,...,a, € N ABeN IC{l,...,n}

Zai:A and Za?:B.

i€l , i€l ,

your algorithm should have an O(n - A- B) runtime.

Siae of DP4able :
mennlnso{'c\
toble endry

Initialingtion, Recursion:

Order,Exhucﬂgsdm\‘m).
&unnlnaﬁme ’
2) A= lay,as,...,a,] S >0, Size of DP +able :
nJjea 2 il WithIﬂJZ(b,‘IUJI{1,2,~~-,n} muminso?c\
toble erdry

S = Zai—i—z:a?.

icl jed

your algorithm should run in time O(n? - S).

Indialiaation, Recursion:

Order, Extracting souion

&unn'ms’ﬁma
3’) ay,...,a, € Nsumming to A := 3", a;, mu]tip]e of 3. Sine of DP 4abe :
INJ=INK=JNnK=290 U AL 68 [l a0 n}. 'nso&‘u
A toble endry
Y =) a;= Z“’“:§'

iel jEJ kEK

algorithm should have an O(nA?) runtime

Order, Extrac

[nttialiaafion, Recursion:

sdudion )
&unnlr% time ’
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Gm.Ph &‘Rﬂ‘ﬁms — Gropn Quiz (exam question)

/5P ¢) Graph quiz: For each of the following claims, state whether it is true or false. You get 1P for
a correct answer, -1P for a wrong answer, OP for a missing answer. You get at least 0 points
in total.

As a reminder, here are a few definitions for a (directed) graph G = (V, E):

For k > 2, a (directed) walk is a sequence of vertices vy,...,v; such that for every two
consecutive vertices v;, v; 11, we have {v;,v;11} € E (resp. (v;,v;11) € E for a directed walk).

A (directed) closed walk is a (directed) walk with v; = v.

A (directed) cycle is a (directed) closed walk where k > 3 and all vertices (except v1 and vg)
are distinct.

A (directed) closed Eulerian walk is a (directed) closed walk which traverses every edge in F
exactly once.

For a vertex v in a directed graph G = (V, E), the in-degree of v is the number of edges in F
that end in v (i.e., of the form (w,v)), and the out-degree of v is the number of edges in F¥
that start in v (i.e., of the form (v,w)).

Claim true false
A connected graph must contain a cycle. O O
A graph G = (V, E) with |E| < |[V| — 1 is a tree. O O
Let G = (V, E) be a graph with |E| > 4, which contains a closed Eulerian walk.

If we remove one edge from E, the resulting graph does not contain a closed O O
Eulerian walk, no matter which edge we remove (the vertex set does not change).

Let G = (V, E) be a directed graph. If the in-degree and out-degree 0 0
of every vertex v € V is even, then G contains a directed closed Eulerian walk.
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OPO\%\CQS SOV'H‘S Exam Queston

/ 3 P d) Directed Acyclic Tournament
A tournament is a directed graph G = (V, E) such that:

e G has no self loops, i.e., (v,v) € E, for all v € V. (Note that the graphs that we usually
consider have no self loops.)

e For every two distinct vertices u,v € V, either (u,v) € E or (v,u) € E but not both.

Let G be a directed acyclic graph that is also a tournament. Show that G has a unique
topological sorting.
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DFS - Exam Questions

/2P d) Depth-first search: Consider the following directed graph:

i) Draw the depth-first tree resulting from a depth-first search starting from vertex 1.
Process the neighbors of a vertex in increasing order.

ii) Write out two edges ej, ez such that the directed graph above has a topological ordering
after removing e; and es (the vertex set does not change).

Remark: There could be multiple valid solutions. In this case, you only need to write
down one of them.
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/2P d) Depth-first search: Consider the following directed graph:

i) Draw the depth-first tree resulting from a depth-first search starting from vertex 1.
Process the neighbors of a vertex in increasing order.

ii) Write out all the cross edges and all the back edges (specify which ones are cross edges,
and which ones are back edges).
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BFS - Exam Question

/ 4P| ¢) Finding a shortest cycle

Describe an algorithm which, given an unweighted directed graph G = (V, E) and a vertex
v € V, finds a shortest cycle containing v. If there is no such cycle, the algorithm should
report that v is not a vertex of any cycle. Faster algorithms are worth more points. To get full
points, aim for O(|V| + |E|) runtime.
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:DUkS\Ta‘ S A\So - Exom Questions

/2P

/2P

f) Shortest Path Tree: Consider the following graph:

i) Highlight the edges that are part of the shortest-path tree rooted at vertex a (i.e., the
output of Dijkstra’s algorithm if we were to start from vertex a).

ii) Does the above graph have a topological ordering? If yes, write down one topological
ordering. If no, give an argument.

f) Shortest Path Tree: Consider the following graph:

i) Highlight the edges that are part of the shortest-path tree rooted at vertex a (i.e., the
output of Dijkstra’s algorithm if we were to start from vertex a).

ii) Write out all positive integers = such that we could replace the weight 8 of the edge {e, f}
in the above graph by x, such that the edge would be in at least one shortest-path tree
rooted at a of the resulting graph.
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MST— txam Question

/ 2P| &) Minimum Spanning Tree: Consider the following graph:

i) Highlight the edges that are part of the minimum spanning tree. (Either in the picture
above, or you can recreate the graph below).

ii) Write out all positive integers = such that if we replace the weight 1 of edge {b,d} in the
above graph with z, then edge {b, d} would be in at least one minimum spanning tree of
the resulting graph.
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Qraph Modell i

i) Model the problem as a graph problem, so that you can solve it using an algorithm from
the lecture. Describe the set of vertices, the set of edges and the weights. How many
vertices and edges does your graph have? What is the corresponding graph problem?

a) Alice lives in Zurich and wants to visit her grandma in Stockholm. Since she has n € N full
weeks of vacation time from September 1st, she would like to use some of this time travel by
train from Zurich to Stockholm and discover nice cities along the way. However, as a student,
Alice may have a lot of time, but not a lot of money. Hence, while she does not mind spending
long hours in the train, she would like to minimize her costs. You are tasked with helping her
find the cost of the cheapest route from Zurich to Stockholm.

You are given a timetable composed of N rows (r1,...,7n), each representing one possible (di-
rect) train journey. Let C be the set of cities. Each row r; is of the form r; = (dt;, at;, dc;, aci, p;)
where dt; € N is the departure time of the train, at; € N its arrival time, cd; € C its departure
city, ac; # dc; € C its arrival city, and p; € N the price of the journey in CHF. All departure
and arrival times are expressed in minutes from September 1st, midnight. There are D = 1440
minutes in a day. You are guaranteed that the timetable allows Alice to travel from Zurich to
Stockholm in less than n weeks, or 7 - D - n minutes. Note that as a Youth Hostel Premium
Member, Alice does not need to pay anything to stay in the various cities she travels through.

ii) Which algorithm from the lecture can you use to solve this graph problem? Justify why
you can use this algorithm, and state its asymptotic running time (with ©) in terms of
the number of vertices |V| and edges |E| in the graph.

i) Model the problem as a longest path problem in a directed acyclic graph. Describe the
set of vertices, the set of edges and the weights. Prove that your directed graph is acyclic
and explain why the longest path problem you propose provides the right solution to the
problem.

b) Alice will likely use trains of a famous railway company on her way, and these trains are

notoriously unreliable. In fact, each train can be cancelled arbitrarily. Being aware of this
situation, Alice wants to plan for the worst and know how much more expensive the journey
can become if trains are cancelled.

Alice has now selected her preferred journey. She will visit cities ¢; = Zurich, ¢, ...,cry1 =
Stockholm in this order, with an expected total cost ¢. The timetable is the same as before,
but now, even if trains are cancelled, Alice will always follow the same routes ¢; — ca,
CT —> CT41-

weey

For each of the T' journeys, Alice buys the ticket at the departure station shortly before the
train starts. When buying a ticket, Alice can be sure that her next train will work, but she
never knows whether further connections will behave as expected. The only thing that the
railway company does guarantee to Alice is that she will be able to reach Stockholm from
Zurich within n weeks eventually.

ii) Design an efficient algorithm that determines how much more expensive Alice’s journey
can become. In order to get full points, your algorithm should have O(|V||E|) runtime.

Hint: What happens if you replace every edge with cost w by an edge with cost —w? Recall
that, as proven in Task 2, a longest path always exists.
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So\uﬁ’\ons
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|nducﬁon - Exam Questions

b) Induction: Consider the sequence {L;}n>1 defined via Ly = Ly = 1 and the recurrence

Lyy1=Lp+2L, ; forn >2.

Show that for all n € N\ {0}, the following equation holds:

a .
Y 2" L} = LoLaqa.
=0
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b) (This subtask is from August 2019 exam). Let 7 : N — R be a function that satisfies the

following two conditions:
T(n)>4-T(%)+3n whenever n is divisible by 2;
T(1) = 4.

Prove by mathematical induction that
X T(n)>6n"—2n C \yope;—\-t\ ‘o ?\"ouem

holds whenever 7 is a power of 2, i.e., n = 2F with k € Ny.
-_— -
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Mini-exam (Induction + Asymptotic Notation)
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/5P a) Asymptotic notation quiz: For each of the following claims, state whether it is true or false.
You get 1P for a correct answer, -1P for a wrong answer, OP for a missing answer. You get at
least 0 points in total.

Assume n > 4.
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/4P b) Induction: Consider the Fibonacci numbers (F},),cn, which are given by Fy = 0, F; = 1 and HS21
F, = F,_1+ F,_o for all n > 2. Show by mathematical induction that for any integer n > 0,
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Hint: Use the facts that Fp41 > Fy, and F,, > 0 for all n € N (you don’t need to justify that).
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In this part, you should justify your answers briefly.

/4P

notation as concisely as possible.

i) Snippet 1:
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a) Counting iterations: For the following code snippets, derive an asymptotic bound for (the
number of times fris'called. Simplify the expression as much as possible and state it in ©-

Algorithm 1
fori=1,...,ndo
for j=1,...,i> do
f0
f0
n
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i=1

ii) Snippet 2:
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Algorithm 2
fori=1,...,ndo
k1
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f0
k + 2k
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/ 2 P| &) Sorting algorithms:

Below you see four sequences of snapshots, each obtained during the execution of one of the
following five algorithms: InsertionSort, SelectionSort,-guiekSertr MergeSort,
and BubbleSort. For each sequence, write down the corresponding algorithm.

8 6 4 2 5 1 3 7 8 6 4 2 5 1 3 7
6 4 2 5 1 3 7 8 1 6 4 2 5 8 3 7
4 2 5 1 3 6 7 8 1 2 4 6 56 8 3 7
Algorithm: Algorithm:
8 6 4.2 ,5 /1 % 57 8 6 4 2 5 1 3 7
6 .4 13 8 1 6 4 2 5 8 3 7
4“2°5°1"% 6 7 8 1 2 4 6 5 8 3 7
not swapped IR
Algorithm: BU.&)(Q S v Algorithm: &.\QC!T\DQ SD('\' (uji-&h o \/0.\‘\
8 6 4 2 56 1 3 7 8 6 4 2 5 1 3 7
6 8 2 4 1 5 3 7 6 8 4 2 5 1 3 7
2 4 6 8 1 3 5 7 4 6 8 2 5 1 3 7
Algorithm: Algorithm:
5 1 3 7 Sl 4 25137
1 5 3 7 6 814 2 5 1 3 7
1 3 5 7 T 6 8|2 5 1 3 7

Algorithm: (Y\ngq’ SO“\’ Algorithm: l nse\o\—‘lon SO(-\'
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g) Sorting algorithms quiz: For each of the following claims, state whether it is true or false. You
get 1P for a correct answer, -1P for a wrong answer, OP for a missing answer. You get at least
0 points in total.

Claim true false
There exist arrays of length n which can be sorted with BubbleSort after 0
O(n) swaps. K

5,,2,23,u 1 n-l swaps = O(")

[(4,2,37] no sweps v~

There exist arrays of length n for which the runtime of InsertionSort is ©(n). O \gf

I [nsertion Sock uges %m Ceardn Yo Fedd
ha Cemect posThons

Ewen 1F the omey 1S already sated , s Olnlggn)

Consider a sequence of n numbers {z1, ...,z }, where 0 < z; < 1000, Vi = 1, ...,n,
is given as input. There exists an algorithm with runtime )Zf O
O(n) which sorts any such sequence.

"t{% Realzohon - IDOD — a constendt
\dea -

O ( 2 3 - - (8]
1Al \ U
100 =
n+ 100l 2 On) X
'll‘here exi‘st a co.mparison-based sorting algorithm that can sort any array of . 9<
ength n in runtime O(n).
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/ 3P| g) Sorting algorithms:

i) Consider the sequence 6,5,4,1,2,3. How many swaps does Bubble Sort perform to
sort this sequence? Give the exact number of swaps required.

e e W)

b b\ 273 D5 swaps Jor &

?L{dldﬂl—% o b SWaps for S5
(123 56

12 WS

ii) Consider the sequence 6,5,4,1,2,3. How many swaps does Selection Sort perform
to sort this sequence? Give the exact number of swaps required.

65 4 23
36 Y 1@k

'
3 2 QDS 6
20y 5 b
234 5 b

L swaepS

iii) Let n € N be an even number and consider the sequence with the following structure:
2l 8, 6.0 ,n—1.

How many swaps does Insertion Sort perform to sort this sequence? Give the exact
number, not just the asymptotics.

£
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formal Correctnex® Trool Exarple.

Buldde Soct

Algorithm 1 Bubble Sort (input: array A[l...n]).
forj=1,...,ndo
fori=1,...,n—1do
if Afz] > A[i + 1] then
Swap A[i] and Afi + 1]

Prove correctness of this algorithm by mathematical induction.

Hint: Use the invariant I1(j) that was introduced in the lecture: “After j iterations the j largest elements
are at the correct place.” — +o Prove

Solution:
We prove the invariant in the hint by mathematical induction on j.

- Base Case.
We prove the statement for j = 1. Assume that the largest element of A is at position [ in the
beginning. After the first [ — 1 iterations of the second for-loop, it is still at position [. For all
further steps with ¢ > [, A[i] contains the largest element and thus the largest element is swapped
to position 7 + 1. Hence, in the end the largest element is at position n, which shows I(1).

« Induction Hypothesis.
We assume that the invariant is true for j = k for some k € N, k < n, i.e. after k iterations the
k largest elements are at the correct position.

+ Inductive Step.
We must show that the invariant also holds forji=E# 1 By the induction hypothesis thélkd
largest elements are at the correct position after k steps, i.e. at the positions Ajn —k+1...n].
We now consider step k + 1. Note that in this iteration the positions of the k largest elements
‘are not changed since for i > n — k, we will never have A[i] > Ali + 1]. Thus, in order to
show I(k + 1) it is enough to show that after step k + 1 also the{(k 4 1)st largest element isat >

(the correct position. The (k + 1)st largest element is

elements that are larger than it come later by I(k)). Thus, by the argumentation in the base case,

after i = n — k — 1 iterations in the second for-loop, it is at position A[n — k|. But for the other

k iterations of the second for-loop, nothing changes as was already argued before (the largest

elements do not change their position). Thus, afterstepkslythek s largestelements areaty)

By the principle of mathematical induction, /(j) is true for all j € N, j < n. In particular, /(n) holds,
which means that after the first n iterations the n largest elements are at the correct position. This
shows that after n steps the array is sorted, which shows correctness of the Bubble Sort algorithm.

X Make sure You hawe dll 4he  key ideas |
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Heap T-ree - Exom Questiong

a) Min-Heap: Draw the Min-Heap that is obtained when inserting into an empty heap the keys

/1P

}’, ;’,/2’, ]/,//,/l/in this order.

A
DS

2
zq\s L
g *+3

b) Maa-Heap: Draw the resulting Max-Heap obtained from the following Max-Heap by perfor-
ming the operation DELETE-MAX twice.

>
[ O
Z L™
T 9 & A
»
g b


Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer

Nil Tuğçe Özer


BST"' AVL - exom questions

i) Draw the binary search tree obtained from the following tree by performing the two
operations INSERT(45) and DELETE(30), in that order.

BST Condition : ®

g g
JANPAN
TX <T,

35 35
N VAR
30 bS5 20 6S
4 v N VAR
20 4o 80 4w 80
N A

4s Ud

ii) Draw the AVL tree that is obtained when inserting the keys 3,2,7,6,8,9 in this order

into an empty tree (it suffices to draw only the final tree). AVlTres Condit
-Tree Condition :

A PN
3 + AN 5N
\.3 / \) X <T, [het) =he )] £ 4
= 3 g8
Y N\ L 4D N “ - @
b 8 @ & 3 AR AN

\ balanced

iii) Draw the AVL tree that is obtained by deleting key 65 from the tree below.

AVL-Tree Condition :

PN AN
A A TAANE

T<X<T, Thetx) =he b 2 4

30 30 o 30 Lo
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DP — exam guestion

Theory Task T3. /9P
You are given an array of n natural numbers aq,...,a, € N, and two natural numbers A, B € N.
You want to determine whether there is a subset I C {1,...,n} satisfying
a; = A and a? = B.
iezf Z ; 1 Subset Sum

For example,

e The answer for the input (a;)i<, = [2,4,8,1,4,5,3], A =8 and B = 30 is yes because the set
of indices I = {1,4,6}, which corresponds to (a;)i<r = [2,1,5], yields the sum 2+1+5 =8
and the sum-of-squares 22 + 12 + 52 = 30.

e The answer for the input (a;)i<n, = [2,4,8,1], A=6 and B = 15 is no.

Provide a dynamic programming algorithm that determines whether such a subset I exists. In order
to get full points, your algorithm should have an O(n - A- B) runtime. Address the following aspects
in your solution:

1) Definition of the DP table: What are the dimensions of the table DP[...] ? What is the
meaning of each entry 7

2) Computation of an entry: How can an entry be computed from the values of other entries ?
Specify the base cases, i.e., the entries that do not depend on others.

3) Calculation order: In which order can entries be computed so that values needed for each
entry have been determined in previous steps ?

4) FEztracting the solution: How can the final solution be extracted once the table has been filled
?

5) Running time: What is the running time of your algorithm ? Provide it in ©-notation in terms
of n, A and B, and justify your answer.

Size of the DP table / Number of entries: (o.nAxlo. Aly [O - 81

Meaning of a table entry:

DPCidCa1 ] : = rue i Hhere s T & %‘("'{3 s

QQ\SQ othesudse_

Scheme continues on the next page.
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Computation of an entry (initialization and recursion):

P To1 CoATO = +rua TP COOATXxATY1 = false
| Qor xls > |

DPTATadlol = DPTi-1ATa 1Tl v TPTi-(1Ca- ai] Th-o® 1

Consider eveny eny  oud _of - bounds o be False

Order of computation:

Ve compute wuthn MC:QQS\N’S order of 1) a o

Extracting the result:
£ DPTRICAT TR == 4rue. then the answes 1S yes

TPTAATAI TR == Lalse 4hen dhe answes s oo

Running time:

We need to &I Nl x A+l x Byl entres

Computation Hae for eoch of dhem is S
Therefore "LU\NOS e S B (n-AR)
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P - Mode Exam 7

Theory Task T3.

/9P

In this problem, you are given an array A = [ay, ..., a,] of n pairwise distinct positive integers, i.e.
a; € Z>y fori e {1,...,n} and a; # a; for i # j € {1,...,n}.

/TP a) Provide a dynamic programming algorithm that, given an array A of n pairwise distinct

positive integers as above, returns True if there are two different (non-empty) subsets I; and
Iy of {1,...,n} (ie. 0 # I, 1> € {1,...,n} and I # I3) such that >, a; = Y}, a; and
False otherwise. In particular, the algorithm does not have to return the sets I; and Is.

For example,

e For the array [2, 3,4, 5, 7] the output should be True since for I; = {1,2,4} and I = {2,5}
we have >,y a; =2+3+5=10=3+7=>,., a;.

e For the array [2,3,4,10,20] the output should be False since there are no two different
non-empty subsets I; and Iy of {1,2,3,4,5} that satisfy > ;.7 ai = > ;cp, ai.

In order to obtain full points, your algorithm should run in time O(n - S), where—
In your solution, address the following aspects:

1. Dimensions of the DP table: What are the dimensions of the DP table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify
why your recurrence relation is correct. Specify the base cases of the recursion, i.e., the
cases that do not depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each
entry have been determined in previous steps?

5. Ezxtracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?

Hint: It might be helpful to think about the following more general problem: For any integer
1 <m < S, determine how many different subsets I C {1,...,n} there are such that m =

Dier Gi-

Dimensions of the DP table: TPPT 4 ... r\l E 41...8 1 nxS

Scheme continues on the next page.
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Subproblems:

DPLil s = " +he nuner ol A€t (Non=svpty)
ubsgers 1L ¢ %4___;} Q4.0

e=>D oy "
el

Recursion:

DPCAITAGI ] = ¢

Inik -
ODPT41Cs0 = 0 GFs# AT
Recrsion -, (ai=8) wedon'* use Qi in
DPCi-11Ce1
tren a5y
1+ DPCG-1I0GsO $-ai=0
DPTills 1= £DPL-110s-a;]+ DPG-H1Ts] S~ Q; > |
T o we use aj what we ~od
without usrg a{
DPLiI-MN e S-a; <0
(othasuise))
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(@ira)
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Calculation order:

Calcdale DPTIATS by mcre&gw\s T, mareag S

Scheme continues on the next page.
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/2P b) Show that for any array A as above, the following two conditions are equivalent.

i) There are non-empty sets I, [s C {1,...,n} such that Zieh a; = Zieb a; and I # Is.
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D P— Practice

Theory Task T3.

You are given an array of n natural numbers ay,...,a, € N, and two natural numbers A, B € N.
You want to determine whether there is a subset I C {1,...,n} satisfying

Zai =A and Za? = /5

iel - i€l 7

For example, 30
e The answer for the input (a;)i<n =\2/4,8 @1 @ A=238 and B = 30 is yes because the set

of indices I = {1,4,6}, which corresponds to ( %[2 1,5], yields the sum 2+1+5 =38
and the sum-of-squares 2% + 12 + 52 =30.

e The answer for the input (a;)i<n = [2,4,8,1], A =6 and B =15 is no.

Provide a dynamic programming algorithm that determines whether such a subset I exists. In order
to get full points, your algorithm should have apO untime. Address the following aspects
in your solution:

Theory Task T3. AL

Let A = [ay,as,...,a,] be an array of non-negative integers. Given A and a non-negative integers
S > 0, we want to determine whether S can be written as a (non-repeating) sum of elements of A,
where we are allowed to take the square of elements. Formally, we want to determine if there exist
I,JC{1,2,....,n} with INJ=0,TUJ ={1,2,...,n} such that:

S:Zai-l-Za;‘-.

icl jeJ

Provide a dynamic programming algorithm that outputs True if this is possible, and se otherwise.
For example, 0 % uq+ L{q'

e The inputs A = [2,4,4], S = 34 should result in True, since@: 2 +42 + 42,

e The inputs A = [2,4,4], S = 35 should result in False.
e The inputs A = [2,4, 3,22], S = 21 should result in False.

J—
In order to obtain full points, your algorithm should run in timAddress the following
aspects of your solution:

P i
Theory Task T3. /9
You are given an array of n natural numbers a;.,....a, € N summingto®@%= >"" , a;, which is a
mulfiple 6f 3) You want to determine whether it is possible to partition {1,...,n} into three disjoint

subsets I, J, K such that the corresponding elements of the array yield the same sum, i.e.

A
Dm=D0=) o=
el JjeJ keK
Note that I, J, K form a partition of {1,...,n} if andonly if INJ =INK = JNK = () and
IUJUK ={1,...,n}. ﬁ\f 9/
For example, the answer for the input [(D,@@ @ is yes, because there is the partition {3,4},

{2,6}, {1,5,7} (corresponding to the subarrays [8, 1], TZ |, (2,4, 3], which are all summing to 9).
On the other hand, the answer for the input [3,2,5, 2] 915 no.
k=

Provide a dynamic programming algorithm that determines whether such a partition exists. Your
algorithm should have an O(nA?) runtime to get full points. Address the following aspects in your
solution:
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your algorithm should have an O(n - A- B) runtime.
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mmninso?o_

toble endry
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Gm.Ph &‘c{ﬂ‘ﬁms — Gropn Quiz (exam question)

/ 5P| ¢) Graph quiz: For each of the following claims, state whether it is true or false. You get 1P for

a correct answer, -1P for a wrong answer, OP for a missing answer. You get at least 0 points

in total.

As a reminder, here are a few definitions for a (directed) graph G = (V, E):

For k > 2, a (directed) walk is a sequence of vertices vy,...,v; such that for every two
consecutive vertices v;, v; 11, we have {v;,v;11} € E (resp. (v;,v;11) € E for a directed walk).

A (directed) closed walk is a (directed) walk with v; = v.

A (directed) cycle is a (directed) closed walk where k > 3 and all vertices (except v1 and vg)

are distinct.

A (directed) closed Eulerian walk is a (directed) closed walk which traverses every edge in F

exactly once.

For a vertex v in a directed graph G = (V, E), the in-degree of v is the number of edges in F
that end in v (i.e., of the form (w,v)), and the out-degree of v is the number of edges in F¥

that start in v (i.e., of the form (v,w)).

Claim true false
A connected graph must contain a cycle. O O
A graph G = (V, E) with |E| < |[V| — 1 is a tree. O O
Let G = (V, E) be a graph with |E| > 4, which contains a closed Eulerian walk.
If we remove one edge from E, the resulting graph does not contain a closed O O
Eulerian walk, no matter which edge we remove (the vertex set does not change).
Let G = (V, E) be a directed graph. If the in-degree and out-degree 0 0
of every vertex v € V is even, then G contains a directed closed Eulerian walk.
T/F Justification
A connected graph must contain a cycle. FQ\SQ Courtterex . Tree | °
A graph G = (V, E) with |E| < [V| — 1 is a tree. False Cournerex . , A e

Let G = (V,E) be a directed graph. If the in-degree and out-degree

—

o~ O

of every vertex v € V' is even, then (i contains a directed closed Eulerian walk. FQ\SE, CGJNQIQX ot K\ {' ‘)
[

True Remove any edoe  {uv3

dea(u'\ ond dej(v\ will decrease &y ore
Initially G cortained o cosed ewlenon w. B
deatu\ ond deq(¥) ore odd

M e dert e endeg = G cant contol . closed “HAE"

—
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/3P

BPO\(@CQS SOT"‘F“S - Exam Question

d) Directed Acyclic Tournament
A tournament is a directed graph G = (V, E) such that:

e G has no self loops, i.e., (v,v) € E, for all v € V. (Note that the graphs that we usually
consider have no self loops.)

e For every two distinct vertices u,v € V, either (u,v) € E or (v,u) € E but not both.

Let Gybegjaydirectedyacyelicsgraphythat is also a ¢ourmament. Show that G has a wniquem
topological sorting.

Since G 1S @ DAG, 1 foy at least one -\-oP,sor-mS
(Vay o) Va)

G is also 0 toumament = For all i 42i<n  eithar

(Vi ) V{.“.\ ekt or LV\'_“, V;\
(butr not beth))

Since. (v ...vq) s @ +op. eomg the edge el Vi o v,
must be (Vi) . (& connat My, V) )

(V{\ "‘:Vﬂ) s a Pm in e}
v; i3 before Viy in oy op. s.cr\'ws
(V) s ¥n) 18 the unique +op. s°r~\—\~r3 \
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DFS txam Questions

/2P d) Depth-first search: Consider the following directed graph:

i) Draw the depth-first tree resulting from a depth-first search starting from vertex 1.
Process the neighbors of a vertex in increasing order.
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ii) Write out two edges ej, e2 such that the directed graph above has a topological ordering
after removing e; and ey (the vertex set does not change).

Remark: There could be multiple valid solutions. In this case, you only need to write
down one of them.

DAq U2 ond (k)
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/2P

d) Depth-first search: Consider the following directed graph:

i) Draw the depth-first tree resulting from a depth-first search starting from vertex 1.
Process the neighbors of a vertex in increasing order.
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ii) Write out all the cross edges and all the back edges (specify which ones are cross edges,
and which ones are back edges).

G
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(6,5
(6, 2.)

(6,3)

bacle e,d.g,Q
CroX edx.

CrosS
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BFS - Exam Question | e
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/4P c¢) Finding a shortest cycle

Describe an algorithm which, given an unweighted directed graph G = (V, E) and a vertex
v € V, finds @ shortest cycle containing v» If there is no such cycle, the algorithm should
report that v is not a vertex of any cycle. Faster algorithms are worth more points. To get full
points, aim for O(|V| + |E|) runtime.

DFS or BFS
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DUkS\'ra‘ S A\SD - Exom Questions

/ 2P| f) Shortest Path Tree: Consider the following graph:

3
i) Highlight the edges that are part of the shortest-path tree rooted at vertex a (i.e., the
output of Dijkstra’s algorithm if we were to start from vertex a).

ii) Does the above graph have a topological ordering? If yes, write down one topological
ordering. If no, give an argument.

des | &, dyb, c, e

/2P f) Shortest Path Tree: Consider the following graph:

/53’8’ )

[l
i) Highlight the edges that are part of the shortest-path tree rooted at vertex a (i.e., the
output of Dijkstra’s algorithm if we were to start from vertex a).

ii) Write out dll"pesitiverintegers® such that we could replace the weight 8 of the edge {e, f}
in the above graph by z, such that the edge would be in 4t least one shortest-path tree

rooted at a of the resulting graph.
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MST— txam Question

/2P e) Minimum Spanning Tree: Consider the following graph:

Fost Yrosiol
Consider edges t Mcreodd ﬁ\
and sho .
Add what ou con shot s
C_R"Z‘J.IAV ﬁg‘l.q-:l

i) Highlight the edges that are part of the minimum spanning tree. (Either in the picture
above, or you can recreate the graph below).

ii) Write out all positive integers x such that if we replace the weight 1 of edge {b,d} in the

above graph with x, then edge@{Byd} would be in at least one minimum spanning tree of
the resulting graph.

xe%'i,l)?)}qg
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i) Model the problem as a graph problem, so that you can solve it using an algorithm from 2 ¢ o l d
3 = - o o J/’D
the lecture. Describe the set of vertices, the set of edges and the weights. How many i 5
vertices and edges does your graph have? What is the corresponding graph problem? 3 e 0 ’

weeks of vacation time from September 1st, she would like to use some of this time travel by
train from Zurich to Stockholm and discover nice cities along the way. However, as a student,

a) Alice lives in Zurich and wants to visit her grandma in Stockholm. Since she has n € N full 6 = (V’ E | w} 1S Q \Uda‘f\kd | é“’ﬁdﬁd C’]Y‘Qph .

Alice may have a lot of time, but not a lot of money. Hence, while she does not mind spending _ % g { = .

long hours in the train sherwouldrlikertorminimizerheri¢osts: You are tasked with helping her \/ = ( C l-\— .) l C € C ) O ~<— + i q - D n V l \ C \ (an + l’\
find the cost of the cheapest route from Zurich to Stockholm.

You are given a timetable composed of N rows (r1,...,7n), each representing one possible (di- — % ! . . . } < [ < }

rect) train journey. Let C be the set of cities. Each row r; is of the form r; = (dt;, at;, dc;, aci, p;) E (L dC (I é—‘- ‘} ) ( ac B Oj]) l 1 > 1= N

. . . saiihelforn . (o)) - el
where dt; € N is the departure time of the train, at; € N its arrival time, cd; € C its departure U

city, ac; # dc; € C its arrival city, and p; € N the price of the journey in CHF. All departure { \ \ 3 -

and arrival times are expressed in minutes from September 1st, midnight. There are D = 1440 ( ( C l_t) | (C |+ ) ) \ ce C | O i + < A‘- é— - D - N \E 1 - N + A 9-&835

minutes in a day. You are guaranteed that the timetable allows Alice to travel from Zurich to
Stockholm in less than n weeks, or 7 - D - n minutes. Note that as a Youth Hostel Premium

Member, Alice does not need to pay anything to stay in the various cities she travels through. w((( d(‘.’l |C(’h\ | (QCi | Gﬂ*[) 3\) = Pl V 14 1L N w (L e y Le ) ++] ) )) = O VC eC ) Of_‘f‘ <Z3ADN
depo@';s amval prce of
f £ oy 0 Craoh
Nepws ! T = (‘/é-h- | of‘— Sdep, aci; P a{rg&v\: CQS% ot the <Shorfest \)cﬁ‘ﬂ Lrom  (2u8ch (0) to  (Stockhdm J3Dn)

o Qo
{V depertue arrval der| P QRE

Hme. e y e
—_— — s ii) Which algorithm from the lecture can you use to solve this graph problem? Justify why
C - set 0'(" CLh‘Q ) e you can use this al.g;orithm7 and state its .asymptotic running time (with ©) in terms of

ac’ 7é de the number of vertices |V| and edges |E| in the graph.
mnnude \ \
amdnodn
0 Lo | 2-D'n

o AR {d ' o ' )
&y i o Dijlstra ( wejgdzd ; non costs
vocohaon/
9 0 , (
@f\ o in OWVI+IED - log (VI
M WL
c&"‘( i) Model the problem as a longest path problem in a directed acyclic graph. Describe the
set of vertices, the set of edges and the weights. Prove that your directed graph is acyclic
and explain why the longest path problem you propose provides the right solution to the
problem.

b) Alice will likely use trains of a famous railway company on her way, and these trains are C‘ — ( C\ cll —y C TD G]' = (\/;E II W-\ is a \U%\ni-ﬁd \ d“’ﬁfi‘f—d BF&‘Ph
A )

notoriously unreliable. In fact, each train can be cancelled arbitrarily. Being aware of this
situation, Alice wants to plan for the worst and know how'much'more expensive the journey

can become if trains are cancelled. v; Q(C ,+‘) | ce C‘ | 0<+<2AD-n 3—) CJ - C ;

Alice has now selected her preferred journey. She will visit cities ¢; = Zurich, ¢, ...,ery1 = J tl
Stockholm in this order, with an expected total cost ¢. The timetable is the same as before, | .

but now, even if trains are cancelled, Alice will always follow the same routes ¢; — ¢y, ..., E = '{ ((d(‘,‘ ) d'h) ) (_QC‘ | Q‘{")) l '1 §_ | i N | } lé& <T , dCi = CJ A QC-‘ = C\S £l }
CT — CT41- U

For each of the T' journeys, Alice buys the ticket at the departure station shortly before the \ |
train starts. When buying a ticket, Alice can be sure that her next train will work, but she % (( C )‘H ) ( C )-t- ) ( CGC ] O‘$+<+ S q"D‘ng

never knows whether further connections will behave as expected. The only thing that the
railway company does guarantee to Alice is that she will be able to reach Stockholm from

Zurich within n weeks eventually. U\) :)US\_ “ ll/e- ~\ n a
%Tch gose\ Srockhalm conk 0 X\ ]
Cia G Cg-- 1 Gy Gy eXPCC\f.d Tolo) cert ’t‘ %)ﬁg&n' o\.0r8€$+ POCW\ Qmm(&tm‘ch . O) Yo ( Stoddham | 3-D0) In G}

Woret scarond  soukd be frad  oaly the mest expersiue ey ren‘amuy wneanclod |

ii) Design an efficient algorithm that determines how much more expensive Alice’s journey
can become. In order to get full points, your algorithm should have O(|V||E|) runtime.

Hint: What happens if you replace every edge with cost w by an edge with cost —w? Recall
that, as proven in Task 2, a longest path always exists.

cCompute, G'= (VE| WY whwe  w'le) =-wle) Porall ec &
« Bellvon - Ford  storhivg from  (2uich 1©) (4o obfain  dgu (@uidni0) | (Steckhdm, ¥ DY)
¢ Return —dﬁ.. ( (26dn10) 4 (Stoddndm, F-D-n)7) ,(_lcq“ -+
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